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Abstract Real-world problems often deal with uncertain-
ties related to imprecision and vagueness, for which fuzzy
modeling has provided a successful approach. Ranking fuzzy
numbers is a necessary and complex task in multiple pro-
cesses, such as decision making. To facilitate the task of
ranking fuzzy numbers, it has been introduced an approach to
construct fuzzy distances from classical interval distances
because their a-cuts are continuous intervals. Usually, extant
interval distances use interval endpoints or midpoints,
leading to results that might not reflect the correct distance
because of information loss. This paper introduces a new
fuzzy distance based on a novel interval distance that con-
siders all points within the intervals by using the concept of
integration to calculate the average distance between all
points belonging to two intervals, respectively. Subse-
quently, a series of distances between fuzzy numbers based
on the proposed interval distances are defined and proved. A
new method for ranking fuzzy numbers using the new fuzzy
distances is then presented. Finally, the validity and effec-
tiveness of the proposed distances will be demonstrated by a
comparative analysis of numerical examples.
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1 Introduction

Since Zadeh introduced fuzzy sets [25] as an extension of
crisp sets, fuzzy numbers [16] have been widely used as a
special case of fuzzy sets, usually expressed as trapezoidal
[25] or “quasi-trapezoidal” [8, 16] fuzzy numbers, which
are approximate evaluations given by experts when more
correct values are not possible or not needed. Due to the
fact that ranking fuzzy numbers is a required and complex
task among several steps in the decision-making process,
different methods have been investigated to rank fuzzy
numbers [19]:

(1) Methods based on defuzzification;

(2) Methods based on the distance between fuzzy
numbers;

(3) Pairwise comparison methods.

Here, we focus on the widely used ranking method based
on the distances between fuzzy numbers, in which such
distances are classified into two main categories: (i) precise
numerical distance [12, 20] and (ii) fuzzy distance [18, 23].
In the former, as the a-cuts of two comparative fuzzy
numbers are intervals [4, 10, 11, 17], the classical interval
distances are usually applied to the a-cuts of two fuzzy
numbers to construct fuzzy distances [14]. Meanwhile, the
latter uses the idea from Voxman [18] that fuzzy numerical
values naturally lead to a family of pseudo-metrics of fuzzy
numbers and introduces a fuzzy distance for fuzzy numbers
in [18].

In this paper, we focus on defining numerical distances
between fuzzy numbers by defining the novel interval
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distance between their corresponding a-cuts [4], and then
ranking these fuzzy numbers by computing the distance
between each fuzzy number and the selected ideal fuzzy
number. Accordingly, the critical point is how to define the
interval distance. In general, the classical distance between
intervals is usually computed from their midpoints, lengths,
or endpoints [5, 9, 10, 17], and might not correctly reflect
the distance, as it should be determined by all points of two
intervals. Therefore, considering that a continuous interval
is a countably dense set of points, the distance between
intervals should be calculated by taking the average of the
distances between any two points belonging to the two
corresponding intervals. To do so, we will use the concept
of integral to obtain the integral expression of the distance
between their corresponding o-cuts. Inspired by the out-
standing work in [5, 10], a novel distance between fuzzy
numbers is proposed and used for the ranking of fuzzy
numbers. Therefore, the main contributions of this paper
are summarized as follows:

(1)  Anovel distance between intervals is defined by using
the concept of integral, which considers all points in
the two intervals, respectively. This means that the
more information used to reflect the distance, the more
correct and reliable the results will be.

(2) Based on the previous interval distance and a
reducing function with o as a variable, a series of
new distances between fuzzy numbers is proposed,
and their properties are proved. Then, a new method
for ranking fuzzy numbers based on the novel fuzzy
distance of each fuzzy number from the ideal fuzzy
number is naturally introduced.

(3) Several numerical analyses and comparisons are
provided to demonstrate the advantages of the newly
proposed interval distance, fuzzy distance, and
ranking methods.

The rest of this work is organized as follows. Section 2
reviews the concepts related to distance and fuzzy num-
bers. Section 3 first introduces the distance between
intervals by using the definition of integral, then proposes a
series of distances between fuzzy numbers on the basis of
the new proposed interval distance, and the general prop-
erties are demonstrated. Some numerical analysis will be
shown in Sect. 4. Finally, Sect.5 points out some
conclusions.

2 Preliminaries
This section reviews some basic concepts, such as distance,
L-R shaped fuzzy numbers, and o-cuts of a fuzzy number,

which will help construct the concept of distances between
fuzzy numbers.
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Definition 1 [14] Let X be a non-empty set and R be the
set of all non-negative real numbers. The function d :
X x X — R" is a distance if and only if d satisfies the
following properties:

(P1)  Non-negativity: Vx,yeX, dx,y)>0 and
d(x,x) =0;

(P2) Symmetry: Vx,y € X, d(x,y) = d(y,x);

(P3) Triangle inequality:

Vx,y,z € X, d(x,z) <d(x,y) +d(y,z).

There are many definitions of fuzzy numbers, and a
common method is used to restrict the shape of the L-R
membership function [16], i.e., quasi-trapezoidal fuzzy
numbers [8]. Thence, a L-R-shaped fuzzy number,
F = F(a,b,c,d), has the membership given as a mapping
i :R—[0,1]

as follows:
X (%)
b—
L< x) if a<x<b;
b—a
wey =9 L Thsxsc (1)
R( ) if c<x<d,
d—c
0 otherwise.

Being a,b,c,d € R real numbers such that a <b <c¢<d.
L(-),R(:) : [0,1] — [0,1] are two non-increasing shape
functions such that R(0) = L(0) = 1 and R(1) = L(1) = 0.

Accordingly, the set of all L-R-shaped fuzzy numbers
defined on the interval [0, 1] will be referred to as follows:

Q[O,l] = {F(avbvcad” HE e R — [07 1]

2
[is a L-R shaped fuzzy numbers}. @)

Here, if L(-) and R(-) are invertible functions, then its a-cut

is given as follows:

F'=[b—(b—aL '(«),c+(d—c)R '(2)], 2 €0,1].
(3)

In general, let L(x) = R(x) = 1 — x, the L-R shaped fuzzy

number is the trapezoidal fuzzy number (TrFN), which
should be easily defined as follows:

Definition 2 [25] For real numbers a <b<c¢<d, the
membership function of TrEN, T = T(a, b, c,d), is given
by

L fa<x<b;
b—a
1 if b<x<c;
w) =14 4 (4)
if c<x<d,
d—c
0 otherwise.

And its a-cuts are computed as follows:



W. He et al.: Ranking of Fuzzy Numbers on the Basis...

T"=la+o-(b—a),d—o-(d—c)], Yuel0,1], (5)

Furthermore, if b=c, then T is a triangular fuzzy
number (TFN).

3 Comparison of Fuzzy Numbers Based
on a Novel Fuzzy Distance

In order to rank fuzzy numbers, the distance between fuzzy
numbers has been widely used [12, 20] and is usually con-
structed based on the a-cut of fuzzy numbers being a con-
tinuous interval. Therefore, the main aim of this section is to
propose a novel interval distance to construct the distance
between fuzzy numbers, and then, based on it, a new ranking
of fuzzy numbers will be proposed (see Fig. 1).

3.1 A New Distance Between Intervals and Its
Properties

Here, a novel distance between two intervals, which pro-
cesses a finite approximation according to the fundamental
properties of the integral, is proposed. First, it is necessary
to state the distance measurement axioms for the intervals
to complete the distance definition and then perform the
interval distance calculation.

(2) Symmetry v[alyar]v [bl; br] S IRa dl([ala ar]7 [blybr])
*dl([bb ] [abar])’

(3) Triangle inequality: d;([a;,a,], [b), b,]) <d; (lai,a,],
[er, ¢i)) + di([er, ¢, [b1, by]) for all [ay, a,], [by, b)), ey,
Cr] € Ix.

3.1.1 A New lInterval Distance in the Form of Integral

To propose new distances between intervals, we use the
idea from Yager’s paper [21] to consider a continuous
interval as dense sets of points, and the new distances are
expressed by an integral form. As a result, we propose a
novel distance between intervals, defined as follows:

Definition 4 Let [q;,a,] and [b;,b,] be two numerical
continuous intervals verifying a; < a, and b; < b,. The new
distance between these two intervals is defined as follows:

dl([a’vaf]v [b[,b,])

) U:[allar]:[blvhr]; | (6)
//\alfbﬂr(a,.fa,)xf(brfb,)y|dxdyotherwise.
o Jo

Let us illustrate it more clearly in the case of
[a, a,] # [by, b,). Let |a;,a,] and [b;,b,] be two numerical
continuous intervals, the distance between intervals [a;, a,]
and [b;, b,] is computed by the following steps:

Definition 3 Let Zy be the set of all possible sub-intervals Step 1:  Setting 04,4, = “* and Jp,y bl fOf
of R. A mapping d; : Zgr X Zr — R is called a distance nm>1,use a;=a;+1- éam, =aq —|—1 o
between intervals iff it satisfies the following properties: (ar —a;) and by = by +j - Oppp,) = bi+j - % .
(1) Non-negativity:  Y|a;, a,], [b1,b,] € Tr, di([ar, a,)], (b,' — b)) tq represent the ordered discrete
[b1,5,]) = 0 and dy([ar,a,], [ar, ) = 0; points, ~satisfying ay<a1< -+ <a, and
P R S,
I-Fuzz """" EEERETTPREEEPRD FR—— " \

" Numb‘;r ———) : a<cutsof FNs : = Intervals ' \

O S S L \

I
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Fig. 1 Main steps of ranking fuzzy numbers
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by <b; < -+ <b,, of the intervals [a, a,] and
[b1,b,], respectively. When i=j=0, we
obtain ay = a; and by = b;, respectively; and
when i = n and j = m, we obtain a, = a, and
by, = b,, respectively.
Taking into account that the distance between
two points a; and b; is computed directly as
dij = |a; — bj| for i =0,1,...,
.,m, the sum of all distances d;; is then

computed as Y ., ZJ odi =10 ;":0
‘a,‘ - bj‘

Considering the simplest case in which each distance
d;j contributes identically to the final distance
between the intervals [a;, a,| and [b,, b,], then
such final interval distance can be approxi-
mated as the average of the sum of all distances

. n m
dl:/» Le., (Zi:() j:()’a’ b |) n+1)- Wl+l)
To be in accordance with the definition of the
integral, then the distance can be changed

Step 2:

nand j=0,1,

Step 3:

Step 4:

slightly to be approximated as (Z?:l ij: .
jai = b)) o

dy([ana),[brb] (Z]Z!a b’)nm
(=

i=1 j

. Thus, we can achieve that

al+l (ar—a))—b; j*(b —b)

) 1
(7)

Step 5:  Subsequently, letting Ax =1 and Ay =1 we

obtain

n m

di([ar,a,],[bi,b, (ZZM—H Ax-(a

i=1 j=

—bi—j-Ay-(b,—b;)|) AxAy

r—ay)

(3)

Finally, letting n — +o00 and m — +o0, thus,
Ax — +0 and Ay — 40, denoting x =i - Ax
and y = j - Ay, and considering that the value
of i is from 1 to n and the value of j is from 1
to m, then we can obtain x,y € (0, 1] and

dl([ahar])[bhbr])
1 1
Z//|az+(ar—al)x—bl—(br—bz))’|d?€d)’-
0 JO
9)

[blvbr]
using the above formula shall obtain

Step 6:

However, it should be pointed out that if [a;,a,] =
with a" # d,
di(lay, ar), a1, ar]) :‘/T’“I # 0, which is contrary to the
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axiom of distance. Thus, another constraint should be
added to the final formula, i.e., set d;([a;,a,], [a;,a,]) =0
when [a;,a,] = [b,b,] with a” # d'. Therefore, the final
distance will be obtained as in Eq. (6).

Note 1 In fact, d;([a;,a,],[b;,b;]) might be similarly
rewritten as follows:

dl([a[7al’]7[b]7br])
1,1
:/ / |a,—(a,—a;)x—b;— (b, —b;)y|dxdy;
o Jo
1,1
=//|a1+(a,fal)xfb,+(b,fbl)y\dxdy;
0
//|a, (a,—a))x—b,+(b,—b;)y|dxdy;

i

For sake of simplicity, in this contribution, we only use

dl([alaar]v [bl’br])

1,
:/ la; + x - (a, — a;) — by — (b, — by)y| dx dy
o Jo

ata, r+b1

+(a,—ay)x— (b,—b;)y|dxdy.

to compute the distance between two unequal numerical
continuous intervals.

In addtion, if set d?([as,a], [bi,b,)) = [y [iflar+x

(ay — a;) — by — (b, — by)y|* dxdy, then it is the interval
distance introduced in [17]:

dl([alyar}a[blvbr])

1 1
:W / |ar+x-(a,—a;)—bi—(b,—by)y|*dxdy
0 Jo
[ (arta, b+b 21
_\/( 2 2 )+12<(“’

al)z+(br—b1)2) .
(10)

Note 2 There are several special cases that should be
illustrated under the situation [a;, a,] # [by, b,].

(1) Both [aj,a,] and [b;,b,] are constants, i.e., a, = q
and b, = b;, then Eq. (6) shall be rewritten as
follows:

di([as, a,), b, by]) =

In other words, if both [a;,a,] and [b;, b,| are con-
stants, then Eq. (6) is the general distance between
two real numbers.

(2)  Just one of [a;,a,] and [by, b,] is constant.

|a1 - b[| = |a, — brl
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(a) If [aj,a,] is a constant and [b;,b,] is an
interval, ie., a,=q and b, #b;, then
Eq. (6) shall be rewritten as follows:
dl([alvar]a[blvbr])
b,—b; (br—ai)(a1—by)
2 b,—b;
br+bl

if a;€[by,b,];

otherwise.

aj—

(b) If [b,b,] is a constant and [a;,a,] is an
interval, ie., a,# @ and b, =b;, then
Eq. (6) shall be rewritten as follows:

dl([ahar] ) [blabr])
ar—a; (ar—by)(bi—ay)
2 a,—a;

ifble[al,a,.];

‘ otherwise.

(3) Both [y, a,] and [by, b,] are continuous intervals, i.e.,
(a, —a))(b, — b)) #0, let u=a;+ (a, —a;)x and
v =b;+ (b, — b))y, then

du=(a, —a)dx
dv= (b, — b)dy

Thence, Vx,y €[0,1], we shall obtain
dx = du Vu € layal;
(ar —a) such that
dy=——d bi, by,
y b D) v Wve b, b

1 a- b,
dl([ahar]v[bhbr]):m/ A |u—v|dudv.

(11)

Obviously, this formula has limitations in computing a
distance between intervals compare to Eq. (6) because
of its potential constraint (a, — a;)(b, — b;) # 0.

Furthermore, if a, < b; or b, < ay, Eq. (9) can be simplified
as follows:

a+a, b +b,
di(far,a,), (b1, b)) = |75~ ==
al+ar bl+br .
_ 2 2 lf‘ bi’_ala
bl+br al+ar .
- < by.
) ) lf ar_bl

Example 1 For sake of simplicity, let [a;,a,] and [by, b,]
be two randomly generated sub-intervals of [0, 1], applying
Eq. (6), some results of d;([a;,a,],[b;,b,]) shown in
Table 1.

Regarding the same distance values in the above table,
the following interesting conclusions might be drawn:

(1) For two compared intervals [ai;,ai,],[b;,b,] and

[az‘l, azyr] , [b1, b,], if one of these three conditions has
1) ar,—ayy=ax, —ayy,
br =dly a2 = bl, and b[ —day =ax,r — b,; (11)
a, =Db,, and

been satisfied, that is,

aly—ay =day, —day, ay;=by,
b, —ay,=ay—bp; (i) a, —ayy=a,—ay,
bj—a,=ay, =b,, and ay; — by = b, — a;,, then
di([avs, ar,], b, b)) = di([azy, a2,], [b1, b)]).

(2)  For two compared intervals [al,l,aw], [bu,bl‘,,] and
[azﬁl,azvr], [bz_j, bz,r], which satisfy ay; — bl,r =ay
~byp, a1, —ayy=ay, —azyand by, — by = by, —
by (or ay, —ay;=by, —byyand ay, —ar; = by,
—byy), then d;([ar s, ar,], [bry,b1,]) = di ([az, ao,

r], [bz,h b27r] )

3.1.2 General Properties of the New Interval Distance
In this subsection, we briefly study the properties of the
proposed interval distance.

Theorem 1 The function given by Eq. (6) is a distance
between intervals.

Proof

(1) Necessity. This is obvious, we omit the proof here.

(2) Sufficiency. Obviously, this definition satisfies the
first two properties: Non-negativity and Symmetry.
For the Triangle inequality property, let [c;,c,]
satisfying ¢; < c¢,, then

d;(las,a),[bi,b,])

//|a,—b,+ y—ap)x—(b,—b;)y|dxdy;
di([ar,a],[ci,cr])
//|al—Cl+ r—ap)x—(c,—c;)z|dxdz;
di([er,¢r)[b1,Dy))
//|c,—b,+ r—c1)z—(b,—by)y|dzdy.

Thence, by using the classical

x+y| < [x] +|y[, Vx,y €R

inequality

@ Springer



International Journal of Fuzzy Systems

Table 1 Results of the proposed interval distance

lai, a,] b1, b,] [0.2,0.7] [0.5,0.9] [0.2,0.4] [0.5,0.7] [0.2,0.4] [0.2,0.7] [0.5,0.7] [0.2,0.7] [0.4,0.7] [0.6,0.9] [0.5,0.8] [0.7,1.0]
di([as,ar], [b1,bs]) 02633 0.3 0.1767 0.1767 0.2037 0.2037
|al — b+ (ar — al)x — (br — bl)y| 3) Triangle inequality: df(F~1,F~'2> < df(Fl, F~3) + df

= |(a; — 1+ (ar — ar)x — (¢r — ¢1)2)

+(et = bi+ (e — )z — (by — br)y)|

<l|aj—c;+ (a, — ap)x — (¢, — 1)z

+ ler = bi + (¢; — e1)z — (b, — y)y|,
and

di([as,a.],[bi,b,])

//|a[ b[+ )

§/ / |aj—ci+(a,—a))x—(c,—
o Jo
1 1

s [ [ labitter—ee— (b, —pislazay.
o Jo

- (br*bl)y|dxdy

C])Z|dXdZ

Thus,
dl([alvar]’ [blvb ]) <d ([alvar]v [Clvcr])
—|—d1([C17Cr] [ yb ])

Therefore, this interval distance is a distance measure. []

3.2 A Ranking for Fuzzy Numbers Based
on the Novel Distance Between Fuzzy Numbers

The proposed novel interval distances could be applied to
the corresponding o-cuts of the two fuzzy numbers being
compared, which is due to the fact that the a-cuts of the
fuzzy numbers are continuous intervals. Therefore, the
distances between fuzzy numbers can be well defined by
using the reducing functions and applying the new interval
distance to their corresponding o-cuts. Thus, a new ranking
metric for fuzzy numbers is proposed.

To define distances between fuzzy numbers, it is nec-
essary to introduce the following distance axioms for fuzzy
numbers first. Note that the axioms (1)—(3) from Definition
1 in terms of fuzzy numbers in Q) and dy : Q) X
Q)] — R are as follows:

(1)  Non-negativity: VFy, F> € Qp ), dp(Fy,F>) >0 and
dy(Fy,Fy) = 0;

(2) Symmetry:
VF\,Fy € Qqoy), df(Fy,F2) = df(F2, Fy);

@ Springer

(F~3,1*:2) for all Ifl,f':z,f’% € Q[O,l}-

3.2.1 Novel Distance Between Fuzzy Numbers

Before defining a distance between fuzzy numbers, we
should review the concept of a reducing function with o as
a variable, which will help define a series of new distances
between fuzzy numbers.

Definition 5 [18] A function

s:[0,1] — [0,1]

is a reducing function if it is increasing and satisﬁes
$(0) =0 and s(1) = 1. If another constraint fo a)do =3
is satisfied, then it is called a regular reducing functlon.

For example, s(«) = sin (3o) and s(x) = o, x > 0 are

reducing functions; s(ot) =Zsin(3o) and s(o) =o are

regular reducing functions.
Definition 6 Let F; and F, be two arbitrary fuzzy num-
bers in (Y 1), let d; be a distance between intervals, then the

distance between two fuzzy numbers with respect to the
reducing function s(-) is defined as follows:

Jo 5(@) - [di(F?, F3)]do

fol s(a)d o

where F* FZ% are o-cuts of fuzzy numbers F, F, for all
o € [0, 1], respectively.

dy 5y (F1, F2) =

(13)

Note 3 Let s(x) =a" be a reducing function with
parameter x > 0, then Eq. (13) should be rewritten as
follows:

dr o (F1,F2) = (K + 1)/0] of - [di (F},F5)]d o (14)

Furthermore, if s(+) is a regular reducing function s(o) = a,
ie., k = 1, then Eq. (13) should be simplified as follows:

1
di i (F1,F2) = 2/ o [d(F},F5)]do. (15)
0

Without loss of generality, in this proposal, we will use
Eq. (14) to calculate the distance between fuzzy numbers.

Theorem 2 The distance dy .y satisfies the distance
axioms for fuzzy numbers.
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Table 2 The distances between

TrFNs/TFNs s(a) =« T URE T T, T, Ty T T, T T,
dp o k=0.1 0.2505 0.1154 0.1170 0.1676 0.3081 0.1529
k=05 0.2503 0.1110 0.1129 0.1673 0.3148 0.1557
k=1 0.2502 0.1067 0.1093 0.1672 0.3214 0.1592
k=15 0.2501 0.1036 0.1069 0.1671 0.3264 0.1623
K=2 0.2500 0.1013 0.1054 0.1670 0.3301 0.1649
Proof Properties (I) and (IT) are obvious. We only need to 3r
prove the property (III). <
VF|,F,,F3 € Qqy, applying Eq. (13), for a given 525
|
reducing function s(), fol s(o)d o is a constant, then the =
following results shall be obtained: i 2r
- 1 ! Y 3
G (o) = o [ s [P 2 s
Jo s()docJo -
. 1 1 N - : 1r
ds sy (F1, F3) = —4——— / s(a) - [di (F},F%)]d o :
Jo s(e)deJo )
= 05
1 =

o (B Fo) = o |5 [,

Jo s(e

Considering Theorem 1, i.e., for o € [0,1], d,(l*:{‘,l*:g)
<d;(F},F5) + d;(F%,F3), then

/0 () - [y (F2, F2) )
< [ s [l ) + (5 )
_ /0 (@) - [y (F2, F)]d o + /O s(a) - [d)(F2, F2) ) do

Finally, we shall obtain
dy () (F1, F2) <dp () (F1, F3) + dy ) (F3, F).
O

To simplify the computation process, the following
example is introduced to show the performance of the
distance based on «-cuts of TrFNs.

Example 2 Let T, = T,(0.5,0.625,0.875,1) and T, =
7,(0.375,0.5,0.5,0.625) be two TrENs, and let T3 =
75(0.5,0.667,0.834) and T, = 74(0.5,0.852,1) be two
TFNs, then applying Eq. (14), the obtained distances with
different > 0 are shown in Table 2.

(1) As we can see, the results are reasonable. For
dp o (T, Ty)
dp yx (f377:4) increases, and the rest decreases with
it. The underlying reason should be due to the fact

example, as Kk increases, and

0 0.2 0.4 0.6 0.8 1
The value of «

o

«
T

f o dot
0

Fig. 2 The image of function f(o, k)= for each given

k€ {0.1,02,...,1,...,1.9,2}

that f(a,x) = fl“K plays the role of a weight,
o do
0
because the interval distance between their o-cuts of
a pair of TrFNs is the same for different x.

(2) Based on Fig. 2, the impacts of parameters o, x on

— o
f(d, K) - j;l o dot

depth. In the Fig. 2, the x-axis represents « € [0, 1]
and the y-axis shows the value of f(«, k) for a given
k €{0.1,0.2,...,1,...,1.9,2}. The solid curves
represent the given parameter x € {0.1,0.2,...,1};
and the dotted curves represent the parameter
k€ {1.1,1.2,...,1.9,2}. Therefore, on the basis of
Fig. 2, we can conclude the following:

will be further investigated in-

(a) For a given k, as o increase, the value of
f(a, 1) is increasing.

(b) At a =1, the maximum value of f(, k), i.e.,
K + 1, increases as x increase.

(¢c) When k = 0.1, the asymptote of f(e,0.1) is
y = 1.1, i.e.,, Eq. (14) almost perform as an
average aggregation operator.

(d) For the rest k > 0.1, the interval distance
between the o-cuts will become increasingly
significant at higher « value for a pair of
TrFNss.
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In summary, based on these conclusions, the distance

between o-cuts increases for the cases T,, T4 and T3, Ty, but
decreases for the remaining cases.

3.2.2 New Ranking of Fuzzy Numbers Based
on the Proposed Distance

Once the distance between fuzzy numbers has been pro-
posed, the ranking index of fuzzy numbers will appear

naturally. Let {I':l P, Fn}(n >2) be a set of n arbitrary
fuzzy numbers that need to be ordered, and Vo € [0, 1], let
F;=F(a;,bj,ci,d;), and F?= [b; — (b —a;))L7 ' (), ¢;
+(d; — ci)R'(2)] be the o-cut of F; and b; —
(bi — a;)L; ' (), c; + (di — ¢;)R; () be two endpoints of
1’51OC forall i =1,2,.--,n, then these two ideal fuzzy num-
bers are given by

F*: L[gl] |:Sll;p{bi_(bi_ai)L;1 (oc)}7Sl?p{c,~+(d,~—c,-)Ri’l (O()}:|

F.= U [ir}f{bif(b,-fai)Lfl (oc)},ir’_lf{ci+(difc,-)R;1 (u)}}
ael0,1]
(16)

Therefore, I<:,~ has at least three basic ranking indices,
defined as follows.

(1) Compute the distance to F., given as

RIV(F;) = dy o) (Fi, F), (17)

(2) Compute the negative of the distance to F*, given as
RL(F;) = —dp 5\ (Fi, FY), (18)
(3) Inspired by the TOPSIS [13, 15, 26] method, and

considering both the two distances of F; from F* and

I':i from F,, the ranking value is calculated as
follows:

From the ranking values of F;, it suggests that the larger the
value, the higher the ranking position of all fuzzy numbers.

Example 3 Continuing with Example 2, applying
Egs. (17), (18), and (19), it is easy to compute the three
ranking index for these TrFNs, respectively, as shown in
Figs. 3, 4, and 5. In these figures, the y-axis represents the
ranking index value; the x-axis indicates the value of
k €[0.1,2]. It is an obvious conclusion from the fig-
ures that the order of these TrFNs is Tu>=T;>=T5>T.
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3.2.3 Time Complexity Analyses

The proposed ranking method is performing by two key
steps:

Step 1:  applying the proposed interval distance to the
a-cuts of the compared fuzzy numbers;
Step 2:  using one of ranking index to compute the

ranking index;

Based on the concept of defining an interval distance, it
takes O(n?) time to calculate the distance because of the
performing of integral. Once the interval distance between
a-cuts is computed, it should take O(n) time to compute the
fuzzy distance on the basis of processing of o-cuts. The
ranking index then takes O(1) time to finish the final
computation. It can be seen that the ranking method total
takes O(n®), ie., O(n®) = O(n*) x O(n) x O(1). There-
fore, the time complexity of ranking fuzzy numbers is
shown as Theorem 3.

Theorem 3 The time complexity of ranking fuzzy numbers
is O(n?).

Note 4 In spite of the time complexity, the results will be
more reliable in many practical cases than those using only
endpoints or midpoints of their corresponding o-cuts.

4 Numerical Comparisons and Analysis

This section focuses on demonstrating the effectiveness
and generality of the proposed interval distance because the
key to the distance between fuzzy numbers is actually the
distance between intervals. First, a comparison and analy-
sis of the interval distance proposed in this paper with
several other classical methods are introduced. Then, the
new ranking index of fuzzy numbers will be compared and
analyzed with some other fuzzy number ranking methods.

4.1 Comparative Analysis Between the Proposed
Interval Distance and the Classical Ones

In fact, the fundamental difference for the distance between
fuzzy numbers presented in this paper and other distances
lies in the different interval distances between their cor-
responding o-cuts. Thence, the comparative analysis of the
distance between intervals is actually a comparative anal-
ysis of the distance between fuzzy numbers.

Let [a;,a,] and [b;,b,] be two numerical continuous
intervals satisfying a; <a, and b; <b,, there are three
classical distances between intervals given as follows:

(1) Hamming distance [24]:

a; — b)| + |a, — b,
din(larar). [ b)) = AP =0 )

(2) Euclidean distance [6]:

dE([(lz,ar}, [blabr}) = \/‘al - bl‘2+|ar - br|2 (21)

(3) L; Hausdorff metric distance [3, 10]:
dﬁ] ([al’ar]7[blvbr]):max{|a1_bl|’|ar_br|} (22)

Note 5 It is worth pointing out that the proposed distance
d; uses all points in the interval to calculate the distance,
while the classical distances are calculated specifically
from the endpoints of the interval. Thus, for two intervals
[a;,a,] and [b;,b,], several special interesting conclusions
can be derived:

(1) If ay=b; and a, # b,, the classical distances are
only determined by the right endpoints of intervals
as: dgp = dbj = 2dy, = |a, — b,|.

(2) 1If a; # b; and a, = b,, these classical distances are
determined by the left endpoints of intervals, which
leads to the results: dg = dé,‘ = 2dyy = |a; — byl.

(3) If “e= %, then |a; — b)| = |b, — a,| and these

classical distances are related as follows:

dipm = d5 = Y2dg = |a; — bi| = |a, — b, |.

Example 4 Four special cases are selected, where the two
comparison intervals are both subsets of [0, 1]. The results
by using different distances are shown in Table 3.

The bold is the result of the proposed distance d;, which
uses all points in the intervals to compute the distance
between intervals, whereas the remaining ones are com-
puted on the endpoints of intervals.

It is known that the expected value and the standard
variance value are two important statistical concepts, so for
the four special cases in Table 3, the following Figs. 6, 7,
8, and 9 will be used to further illustrate that the proposed
method has certain advantages. These figures consider the
following four cases:

(i) If the compared intervals are randomly generated
with the same left endpoint @; = b; = 0.6787, then
we obtain Fig. 6.

(i)  If the compared intervals are randomly generated
with the same right endpoint a, = b, = 0.6787,
then the expected and standard variance values are
obtained Fig. 7.

(iii)  If the compared intervals are randomly generated
with the same midpoint “F% = btb: = 0.5060,

then it is obtained Fig. 8.
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Table 3 The comparative

) lar, ar] [0.6787,0.7577] [0.1712,0.6555] [0.3171,0.6948] [0.0462,0.2769]
results of the distances between [, 1,1 [0.6787,0.7431] [0.0318,0.6555] [0.0617,0.9502] [0.0971,0.8235]
intervals

dy 0.0248 0.1951 0.2355 0.3103
dym 0.0073 0.0697 0.2554 0.2987
dg 0.0146 0.1394 0.3612 0.5490
dlfll 0.0146 0.1394 0.2554 0.5465
014 Same left endpoint of compared intervals 045 ¢ Same midpoint of compared intervals
A * dr A
O dum L
012 A ti]rrl 04
* ‘IlLl’
035
g o1f 8
T T 03[
8 i 8
-§ 0.08 E 0.25
T S
-; 0.06 | -; 0.2
3 A 3 o
§ * G 0.15
N 0.04 |3 n
¥ 0.1 *
0.02 ¥38 * *
0.05

*

0 : : : : : ‘ 0 s . . . . : . : ;
0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 01 02 03 04 05 06 07 08 09 1

Expectated value

Fig. 6 The expected and standard variance values of different
distances for 100 randomly pairs of intervals on [0, 1]

045 - Same right endpoint of compared intervals

0.05

Standard variance value

0.15 0.2
Expectated value

0.25 0.3 0.35

Fig. 7 The expected and standard variance values of different
distances for 100 randomly pairs of intervals on [0, 1]

@iv)

If the compared intervals are randomly generated,
then we obtain Fig. 9.

As seen in Figs. 6, 7, and 8, if hundreds of compared
intervals have the same endpoint or midpoint, then the

@ Springer

Expectated value

Fig. 8 The expected and standard variance values of different
distances for 100 randomly pairs of intervals on [0, 1]

04 - Randomly generated compared intervals

dy
dim
dp

% DO *

035

L
dyy

0.25

02

Standard variance value

01
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Expectated value

Fig. 9 The expected and standard variance values of different
distances for 100 randomly pairs of intervals on [0, 1]

proposed interval distances will have smaller expected and
standard variance values, indicating that the rest of the
classical distances are highly susceptible to the endpoint or
midpoint values, which 1is extremely detrimental.
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Table 4 Time complexity comparison between proposed and clas-
sical interval distance

di dun 1241 de (6] df [3, 10]

Time complexity o(n?) 0(4) o4 0(4)

Furthermore, in Fig. 9, even if these distances use ran-
domly generated intervals, we can see that the points of d;
are randomly scattered in the rest of the point range. This
further suggests that the novel distances are valid.

Our model is more time consuming, but much more
reliable because it takes all the information of the interval
into account (see Table 4).

The time complex order of computing fuzzy distance is
then added as follows:

0(4n) <O(16n) <O(n’). (23)

Additionally, the new interval distance can be directly
applied to the real example in [12], which uses the hesitant
interval-valued fuzzy sets (HIVFSs) [7] to express expert
opinions, and will, therefore, be further investigated. In this
example, an investment company wants to invest a sum of
money in one of the five alternative companies with the
lowest risk, the best return on investment, and market
prospects. The five possible alternative companies are Ay,
an automobile company; A, a food company; Az, a
computer company; A4, a weapons company; and As, a
television company. Three experts are invited to evaluate
these companies in terms of risk, return on investment, and
market prospects, with a value of 1 indicating the greatest
return on investment and market prospects and the lowest
risk, and O indicating the opposite.

Example 5 We take the numerical example introduced in
[12], in which the distance is given as follows:

PO 1
AA_:%Z

1
x#H~

H (o) #Hi ) ’

X Z Z 5" (ﬁfl;(%lf)’ ~“‘_‘ (e, ’/))

:1 ti=1

where #H i and #H ) are the cardinality of the sets
HA;( ) and H Jy(er)® respectlvely. And HA,»(ek,ti) € HA:’(Q) and

H A(es) € H (e Tepresent two sub-intervals of [0,1],
respectively. §"(-) computes the deviation between two
intervals.

In fact, the key part of D*(+) is defined by the deviation
9% (-) between intervals d and b with an additional potential
constraint (a, — a;)(b, — b;) # 0, the computation formula
is defined as follows:

fb, x — ) dxdy
5"(a.b) = (ar — az)(br — bi)
_ (a erar) _ (b ; by) if (ar — a))(b, — b)) # 0;

invalid

otherwise.
(24)

Actually, only if (a, — a;)(b, — b;) # 0, the deviation 6"
makes sense, and it is defined by the deviation of the
midpoints of the corresponding intervals. And if at least
one of d and b is a constant, i.e., (a, — a;)(b, — b;) = 0, the

formula is invalid. In addition, if <”’+a’) = M

,1.e., a and
b are symmetric but satisfy d is not equal to b, i.e., d # b,
the deviation 6" does not identify their difference, that is,
there exists a distance between them. Thus, the application
of the deviation 6" is limited. It is worth pointing out that
this formulation is quite similar to Eq. (11), which is a
special case of our proposed distance.

Therefore, to apply Eq. (6), then for j € {1,2,3,4,5},
the new distance between HIVFSs A* and A~j is given

m
k=1
Aj(e
=1

DA Ay) =

|-

1
{# Ajler) x #Hfi*(ek)

#

| &

o @) B
1 dl( A ey A(eu,))

(25)

Finally, we will obtain the distance with m = 3 and ranking
results are shown in Table 5.

From the table, we can see that both have the same top
alternative 44, the medium one As, and the bottom one
Ajs, and the ranking is totally different between A; and A,,
which indicates that our proposed method is effective. It
should be noted that the proposed approach in [12] uses the
difference between the midpoints of the interval to identify
the deviation of the intervals; especially when multiple
intervals are involved in the computation process, there
will be positive and negative offsets or even zero, which
results in different results. Whereas our proposed distance
between HIVFESs, D( 4
to compute the dlstance between the corresponding inter-
vals, which uses more information and thus the results will
be more reliable than the results obtained with the distance
introduced in [12].

~) uses all points in the intervals
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Table 5 Distance and ranking A A, As A, As Rankings
results
Distance method in [12]  0.3528  0.3306  0.2528  0.4361 03528  As>Ai~ As=Ax-A;
Proposed D(A*7 Aj) 0.3097 03867 0.2583 0.4336 03505 Ay-Ay-As-A;-A;z
4.2 Comparison and Analysis of New Ranking 1 7 , , ol
Index for Fuzzy Numbers 0ol AN P fl |
) S emememem T
This section focuses on the comparison and analysis of our ~ 98[ ,"' /
proposed new ranking index of fuzzy numbers. 07 ; g
Example 6 Considering the examples shown in [22] with 06 »j “
the following sets of TrFN/TFN: sl 0 Vo
Set 1:  T; =T,(0.4,0.5,1), Ty =15(04,07,1), o4 ¢
Ts = 75(0.4,0.9,1) ol / .
Set 2: T, =1,(0.3,0.4,0.7,0.9), T, = 7>(0.3,0.7,0.9), Sl \
T; = 75(0.5,0.7,0.9) ozri S S
Set3: Tj =1,(03,0.5,0.7), T, = 15(0.3,0.5,0.8,0.9), 01+ /.~
Ty = 75(0.3,0.5,0.9) A | | l N\
Set4: T, =T,(0,0.4,0.7,0.8), T>=T,(0.2,0.5,0.9), 04 0.5 06 0.7 0.8 0.9 1
T = 15(0.1,0.6,0.8) Fig. 10 TrFNs/TFNs in Set 1
Set 5: T, =T;(0.2,0.4,0.6,0.8), T, = 7,(0.3,0.5,0.7),
T3 = 75(0.35,0.5,0.65) 1 . . . ‘ : :
Set 6: T, = T,(13,14,17), T =1(12,14,17), | ! f,:’ ----- i
T = 15(10,15,16.2) : —
08 f ! /
In Figs. 10, 11, 12, 13, 14, and 15, Ty, T> and T} in each ol ;' /
group are displayed in the same way. We shall obtain the ' !
new bold results shown in Table 6 by applying Egs. (17), 061 :: 'j;l
(18) and (19) with s(x) = o!. o5k ! / ]
For the sets 1-4 and set 6, the new proposal achieves : .,-""
efficient results ranking these TrFNs, which is almost the 04r ; /
same as the other ranking methods. In addition, it should be 03F ," '
noted that Egs. (18) and (19) rank the set 6 in the same way o2l ' ,
as the other methods, while Eq. (17) ranks them slightly / /
different depending on the choice of « (see Figs. 16, 17 and 01 . )l
18). In these figures, the y-axis represents the ranking index 0 s : : : s
0.3 0.4 05 06 07 08 0.9 1

value; the x-axis indicates the value of x € [0.1,2]. And the
vertical line is k¥ =1, and its crossing points with the
curves are the ranking of TrFNs. In addition, the different
choices to « affect the ranking result, as shown in Figs. 16,
17 and 18.

To better illustrate the case k=1, ie., f(a,K)=

£ — = 20, we compute the values of w = 2od;

J; odo 0 ado

(ﬁaﬁj) and _%{W): —20(d1(f3f, F**) for i =1,
o

0

2,3, which are parts of Egs. (17) and (18), respectively; and
shown in Figs. 19 and 20.
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Fig. 11 TrFNs/TFNs in Set 2

As we can see, Figs. 19 and 20 indicates that parameter
o has significant effects on the values of 2ad; (T}, F.) and
—2ocd1(T~T7F*’“) for i=1,2,3. Furthermore, the final
ranking result can be easily obtained as T~3>f2>-f1 by
using Eq. (17) and T3~T;>=T> by using Eq. (18),

respectively.
However, for the set 5, these fuzzy numbers are

symmetric at the vertical line 0.5, no ranking is given for
Eq. (19) and other methods, because they treat fuzzy
numbers T;, T>, and 75 as equivalent. Whereas, for
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Fig. 13 TrFNs/TFNs in Set 4

Egs. (17) and (18), the ranking are T1>~T>>T; and
T3-Tr~Ty, respectively. The reason is that the new
proposal makes d;, (T1,T.) = d; (T1,T*) = 0.1053,
di ot (T5,T.) = dp o (To,T*) = 0.0785, and dy . (T5,T.)
=ds, (fg., f*) = 0.0752, while the methods presented in

[1, 2, 22] are mainly affected by the medium value of the «-
cut of the fuzzy number.

5 Conclusions

This paper focuses on the ranking of fuzzy numbers
determined by the distance between them, and the key idea
is to define the distance between their «-cuts. Considering
that the o-cut of a fuzzy number is a continuous interval,
this paper has proposed a novel distance between

Fig. 15 TrFNs/TFNs in Set 6

continuous intervals using the concept of integral. The
advantage of this approach is that it uses all points in the
interval to compute the distance, and its results should be
more reliable and correct than the existing classical
methods, which usually use the endpoints or midpoints of
the interval to compute it, which may lose some informa-
tion and not reflect the distance correctly. Therefore, using
the reduction function with o as the variable, a series of
distances between fuzzy numbers have been proposed
based on the proposed interval distances, and it is shown
that these distances satisfy the distance axiom for fuzzy
numbers. The validity and effectiveness of the proposed
interval distances are demonstrated by comparative anal-
ysis of numerical examples. Based on these findings, we
have introduced a new ranking index for fuzzy numbers

and proved its validity by using the set of TrFNs as

numerical examples. Furthermore,

regarding  the
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Table 6 The comparative of the ranking results

Sets TrFNs Eq. (17) Eq. (18) Eq. (19) Abbasbandy and Hajjari [2] Sign distance [22] Sign distance method p = 1 [1]
Set1 T, 0.0660 —0.2798 0.1908 0.5335 0.6 1.2
T 0.1563 —0.1563 0.5000 0.7 0.7 14
T; 0.2798 —0.0660 0.8092 0.8666 0.8 1.6
P3-T-T1 T3-To-T1 T3-T-F T5-To-T, T3-T>-T T3-To-T)
Set2 T, 0.1330 —0.1521 0.4664 0.5584 0.575 1.15
T 0.1424 —0.0623 0.6956 0.6334 0.65 1.3
T; 0.1521 —0.0440 0.7757 0.7 0.7 14
P3-T-T1 T3-T-Tr T3-T-F T5-To-T, T3-T,-T; T5-T,T;
Set3 T, 0.0440 —0.1521 0.2243 0.5 0.5 1
T 0.1521 —0.1330 0.5336 0.6416 0.625 1.25
T; 0.0623 —0.1424 0.3044 0.5166 0.55 1.1
To-T3-T1 To-T3-T1 Tr-T3-T To-Ts5-T, To-T5>-T; To-T5-T,
Set4 T, 0.1507 —0.1511 0.4994 0.525 0.475 0.95
T 0.1176 —0.1277 0.4795 0.5084 0.525 1.05
T; 0.1484 —0.0974 0.6038 0.575 0.525 1.05
T3-T-T1 Ta-T-T1 T3-Tr-Ty 5T T, T3-Ti~ T, T3-Ti~ T,
Set5 T, 0.1053 —0.1053 0.5000 0.5 0.5 1
T, 0.0785 —0.0785 0.5000 0.5 0.5 1
T; 0.0752 —0.0752 0.5000 0.5 0.5 1
Ti1-T-TF3 T3-T,-T; T~ T~ T3 flw TZN f3 TIN f2~ f3 flw f2~ f3
Set6 T, 0.6566 —0.7041 0.4826 14.1667 0.25 0.5
T 0.6711 —0.9152 0.4230 14.0000 0.125 0.25
T; 0.9421 —0.6744 0.5828 14.6833 0.9 1.8
P3-T-T1 T3-T~-T, T3-T~-T, T3-Ty>T> T3-T>T> T3-T>T>
121 04
_____ 7
T
11F 05 oo Ty 17
= > 06
= L
5 2 é 07+ i g e i SRR
3 - ra
%5 0.8 S
% §-08r ~ d
] o P
2ot é
é’ £ o9t
06 5
& 4
-1}
0.5
‘ ; ) 11 ‘ . :
Rl 05 7 S 5 0 05 1 15 2
The value of The value of &
Fig. 16 Ranking index using Eq. (17) Fig. 17 Ranking index using Eq. (18)
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Fig. 18 Ranking index using Eq. (19)
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Fig. 19 The values of 20d, (T}, F.) for i = 1,2,3

implications and insights of the research, the results of this
study show that the choice of a parameter « in the reduction
function has a significant impact on the final fuzzy distance
and the ranking index of the fuzzy number. This study
helps us to understand the design of more appropriate fuzzy
distances.

It should also be pointed out that the proposed interval
distance has the limitation that when two compared inter-
vals are the same, the integral part cannot be equal to 0, but
to one third of the length of the interval. For future
research, interval distances can be defined by eliminating
the intersection of two comparison intervals, even
extending to the p-norm form to define new distances, or
using some other aggregation functions to generalize them,
rather than just using the integral concept. Moreover, the
proposed distances can be interestingly extended to lin-
guistics since linguistic information can be transformed

05

----- —20dy (I3, F*
—2ad (T3
---------- —2ady (T3, F**)

The interval distance between a-cuts with £ =1

0 0.2 0.4 0.6 0.8 1

The value of a

Fig. 20 The values of —2ud; (T, F") for i = 1,2,3

into fuzzy numbers by fuzzy linguistic methods to increase
the flexibility of modeling linguistic information.

Funding Funding for open access publishing: Universidad de Jaén/
CBUA. This work is partially supported by the Spanish Ministry of
Economy and Competitiveness through the Postdoctoral fellow
Ramoén y Cajal (Grant No. RYC-2017-21978), the Andalucia Excel-
lence Research Program with Research Project ProyExcel 00257, the
project VEGA 1/0267/21 and the National Natural Science Founda-
tion of China (Grant No. 72171182).

Declarations

Conflict of interest The authors declare that there are no competing
financial interests or personal relationships that might influence the
work reported herein.

Ethical Approval This article does not contain any studies con-
ducted by any of the authors on human participants or animals.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate
if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

1. Abbasbandy, S., Asady, B.: Ranking of fuzzy numbers by sign
distance. Inf. Sci. 176(16), 2405-2416 (2006)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

International Journal of Fuzzy Systems

10.

11.

12.

13.

14.

15.

16.

17.

20.

21.

22.

23.

24.

25.
26.

. Abbasbandy, S., Hajjari, T.. A new approach for ranking of

trapezoidal fuzzy numbers. Comput. Math. Appl. 57(3), 413-419
(2009)

. Alefeld, G., Mayer, G.: Interval analysis: theory and applications.

J. Comput. Appl. Math. 121(1), 421-464 (2000)

. Bertoluzza, C., Corral Blanco, N., Salas, A.: On a new class of

distances between fuzzy numbers. Mathware Soft Comput. 2, 2
(1995)

. Chaudhuri, B., Rosenfeld, A.: A modified Hausdorff distance

between fuzzy sets. Inf. Sci. 118(1), 159-171 (1999)

. Chen, T.-Y.: A note on distances between intuitionistic fuzzy sets

and/or interval-valued fuzzy sets based on the Hausdorff metric.
Fuzzy Sets Syst. 158(22), 2523-2525 (2007)

. Chen, N., Xu, Z., Xia, M.: Correlation coefficients of hesitant

fuzzy sets and their applications to clustering analysis. Appl.
Math. Model. 37(4), 2197-2211 (2013)

. Delgado, M., Vila, M.A., Voxman, W.: A fuzziness measure for

fuzzy numbers: applications. Fuzzy Sets Syst. 94(2), 205-216
(1998)

. Grzegorzewski, P.: Metrics and orders in space of fuzzy numbers.

Fuzzy Sets Syst. 97(1), 83-94 (1998)

Grzegorzewski, P.: Distances between intuitionistic fuzzy sets
and/or interval-valued fuzzy sets based on the Hausdorff metric.
Fuzzy Sets Syst. 148(2), 319-328 (2004)

Hong, D.H., Lee, S.: Some algebraic properties and a distance
measure for interval-valued fuzzy numbers. Inf. Sci. 148(1), 1-10
(2002)

Hu, M., Lan, J., Wang, Z.: A distance measure, similarity mea-
sure and possibility degree for hesitant interval-valued fuzzy sets.
Comput. Ind. Eng. 137, 106088 (2019)

Hwang, C.-L., Yoon, K.: Methods for multiple attribute decision
making. In Multiple attribute decision making, pp. 58-191.
Springer, New York (1981)

Plastria, F.: Asymmetric distances, semidirected networks and
majority in Fermat—Weber problems. Ann. Oper. Res. 167(1),
121-155 (2009)

Salih, M.M., Zaidan, B., Zaidan, A., Ahmed, M.A.: Survey on
fuzzy topsis state-of-the-art between 2007 and 2017. Comput.
Oper. Res. 104, 207-227 (2019)

Stefanini, L., Sorini, L., Guerra, M.L., Pedrycz, W., Skowron, A.,
Kreinovich, V.: Fuzzy numbers and fuzzy arithmetic. Handb.
Granul. Comput. 12, 249-284 (2008)

Tran, L., Duckstein, L.: Comparison of fuzzy numbers using a
fuzzy distance measure. Fuzzy Sets Syst. 130(3), 331-341 (2002)

. Voxman, W.: Some remarks on distances between fuzzy num-

bers. Fuzzy Sets Syst. 100(1), 353-365 (1998)

. Wang, X., Kerre, E.E.: Reasonable properties for the ordering of

fuzzy quantities (I). Fuzzy Sets Syst. 118(3), 375-385 (2001)
Wang, L., Wang, Y., Martinez, L.: Fuzzy TODIM method based
on alpha-level sets. Expert Syst. Appl. 140, 112899 (2020)
Yager, RR.: OWA aggregation over a continuous interval
argument with applications to decision making. IEEE Trans. Syst.
Man Cybern. Part B (Cybernetics) 34(5), 1952-1963 (2004)
Yao, J.-S., Wu, K.: Ranking fuzzy numbers based on decompo-
sition principle and signed distance. Fuzzy Sets Syst. 116(2),
275-288 (2000)

Yatsalo, B.I.,, Martinez, L.: Fuzzy rank acceptability analysis: a
confidence measure of ranking fuzzy numbers. IEEE Trans.
Fuzzy Syst. 26(6), 3579-3593 (2018)

Ye, J.: Similarity measures between interval neutrosophic sets
and their applications in multicriteria decision-making. J. Intell.
Fuzzy Syst. 26(1), 165-172 (2014)

Zadeh, L.: Fuzzy sets. Inf. Control 8, 338-353 (1965)

Zelany, M.: A concept of compromise solutions and the method
of the displaced ideal. Comput. Oper. Res. 1(3—4), 479-496
(1974)

@ Springer

Wen He received her B.S.
degree in applied mathematics
from Hunan Institute of Science
and Technology in 2012 and her
M.S. degree in basic mathe-
matics from Southwest Jiaotong
University in 2015. Currently,
she is pursuing her Ph.D. in the
Department of Computer Sci-
ence at the University of Jaén,
Spain. Her research interests
include aggregation operators,
group decision making, consen-
sus reaching process, and com-
puting with words.

Rosa M. Rodriguez received
her B.Sc, M.Sc., and Ph.D.
degrees in Computer Science,
all of them from the University
of Jaén in 2006, 2008, and 2013,
respectively. She got the
extraordinary award of PhD
(bestowed in 2017). Currently,
she has a Posdoctoral contract
(Ramoén y Cajal) at the Univer-
sity of Jaén, Spain. Her research
interests include linguistic pref-
erence  modeling, decision
making, decision support sys-
tems, and fuzzy logic-based
systems. She has more than 60 papers in journals indexed by the SCI.
She is an Editorial Assistant in International Journal of Computational
Intelligence Systems and Associate Editor in IEEE Transactions on
Fuzzy Systems, International Journal of Fuzzy Systems, and Journal
of Intelligent and Fuzzy Systems. She received the IEEE Transactions
on Fuzzy Systems Outstanding Paper Award 2012 (bestowed in
2015). Finally she highlights that it has been classified as Highly
Cited Researcher 2019-2022 according to the Essential Science
Indicators of the Web of Science.

Zdenko Taka¢ received the
Graduate degree in teaching
mathematics and physics from
the Comenius University Bra-
tislava in 1998, and the Ph.D.
degree in teaching mathematics
with the thesis analysis of
mathematical proof from Pavol
Jozef Safrik University in
Kosice in 2007. He is currently
an Associate Professor at Insti-
tute of Applied Informatics,
Automation, and Mechatronics
of Faculty of Materials Science
and Technology in Trnava Slo-
vak University of Technology in Bratislava. His research interests
include uncertainty modeling, fusion techniques, fuzzy sets and fuzzy
logic, interval-valued fuzzy sets, and type-2 fuzzy sets. He is author or
co-author of more than 40 scientific articles. He is a member of
EUSFLAT board (the European Association for Fuzzy Logic and
Technology).



W. He et al.: Ranking of Fuzzy Numbers on the Basis...

Luis Martinez is currently a
Full Professor with the Com-
puter Science  Department,
University of Jaén, Jaén, Spain.
He is also a Visiting Professor
in University of Technology
Sydney, University of Ports-
mouth  (Isambard Kingdom
Brunel Fellowship Scheme),
and in the Wuhan University of
Technology (Chutian Scholar).
He has been main researcher in
16 R &D projects and also has
published more than 250 papers
in journals indexed by the SCI
and more than 200 contributions in Inter/national Conferences related

to his areas. His current research interests include multi-criteria
decision making, fuzzy logic-based systems, computing with words
and recommender systems. He was a recipient of the IEEE Trans-
actions on fuzzy systems Outstanding Paper Award 2008 and 2012
(bestowed in 2011 and 2015, respectively). He is a Co-Editor-in-Chief
of the International Journal of Computational Intelligence Systems
and an Associate Editor of the journals, including the Information
Sciences, Knowledge-Based Systems, and Information Fusion. He is
IFSA Fellow 2021, senior member of IEEE, and of the European
Society for Fuzzy Logic and Technology. Eventually, he has been
appointed as Highly Cited Researcher 2017-2022 in Computer
sciences.

@ Springer



	Ranking of Fuzzy Numbers on the Basis of New Fuzzy Distance
	Abstract
	Introduction
	Preliminaries
	Comparison of Fuzzy Numbers Based on a Novel Fuzzy Distance
	A New Distance Between Intervals and Its Properties
	A New Interval Distance in the Form of Integral
	General Properties of the New Interval Distance

	A Ranking for Fuzzy Numbers Based on the Novel Distance Between Fuzzy Numbers
	Novel Distance Between Fuzzy Numbers
	New Ranking of Fuzzy Numbers Based on the Proposed Distance
	Time Complexity Analyses


	Numerical Comparisons and Analysis
	Comparative Analysis Between the Proposed Interval Distance and the Classical Ones
	Comparison and Analysis of New Ranking Index for Fuzzy Numbers

	Conclusions
	Open Access
	References


