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Abstract

In  multiperson  decision making
(MPDM) problems, fuzzy preference
relations are widely used to represent
experts opinions on the sa of
alternatives. Fuzzy preference reations
are usually asauumed to be addtive
reciprocal. However, it is well known
that reciprocity is na generaly
preserved after aggregation is carried
out.

In this paper, we study condtions
under which reciprocity property is
maintained when aggregating addtive
reciprocal fuzzy preference reations
using an OWA operator guided by a
relative linguistic quantifier.

1 Introduction

We asuume multiperson cecision making (MPDM)
problems [3] being the eperts  preferences about
the alternatives represented by means of the fuzzy
preference relations which are addtive reciprocal

[6].

Usually, the solution set of alternatives is achieved
in two phases [5]: aggregation phase and
exploitation phase. The aggregation phase leads us
to the use of an aggregation (erator for getting a
collective preference relation. The OWA operator

[7] guided by fuzzy majority is a usual aggregation
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procedure  to combine the &perts’  fuzzy
preference reations [1,4]. In the OWA operator the
concept of fuzzy majority is incorporated by means
of ardative linguistic quantifier [8,9] (e.g., such as
“most of”, “at least half”, “as many as possble’)
used to compute the weighting vector [7]. In such a
way, the solution set of alternatives is obtained
according to a majority of experts.

The problem is that reciprocity property is na
generally preserved after aggregation is carried aut.
Therefore, although the set of indvidual fuzzy
preference relations are supposed to be addtive
reciprocal, this does nat imply that the collective
fuzzy preferencerdationis addtive reciprocal.

In this cortribution, we study condtions under
which reciprocity is maintained when using an
OWA operator guided by a reative linguistic
quantifier in the aggregation phase.

The paper is organised as follows. In Section 2, we
present the problem. In Section 3, we study
reciprocity condtions and also gve a few examples
to illustrate everything. Finally, some conclusions
are pointed aut in Section 4.

2 Presentation of the problem

We have a set of alternatives X :{xl,---,xn}, a
set of experts E :{el,---,em}, and a set of fuzzy
{pt,-- P},
Pk :(pi';), and p; represents the preference

preference  reations where
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degree or intensity of alternative X  over
dternative x; for expert g . Fuzzy preferences are
usually assumed to be additive reciprocal, i.e,

pi +ps =10i, j,k.

As we have said, using an OWA operator ¢,
guided by a linguistic quantifier Q, we derive a
collective preference reation, P = (p,f) that

indicates the global preference between every pair
of alternatives according to the mgjority of experts
opinions, whichis represented by Q. Inthis case,

Z Wi q.,

where qi:f is the k—th largest value in the set

pl] (pQ pl]’ ' !plj

{p.}p.ﬁ"} Q is a rdative non dxreasing
guantifier with membership function

oo 0< x<a
Q(x):Sﬁ asxsb
01l b<x<1

a,bD[O,l], and v, :QBKH_QBk_ﬂHDk.
omg O m QO

Following this methoddogy, the first thing we have
to dois to chocse the suitable rdative quantifier for
representing the concept of fuzzy majority that we
desire to implement in aur MPDM problem, what
reduces to chocse adequate values for parameters a
and b, computing afterwards the weights of the
OWA operator using the above rdation.  Our
objective in this paper is to gve values of
parameters a and b that maintain reciprocity

property.

3 Reciprocity of collective preference relation

The problem to solve is.  What condtion do
parameters a and b have to verify so that

p; +pj =100, >

As we are assuming P* addtive reciprocal then
pi =1-p;, and therefore if {q,}q,j“} are
ordered from largest to lowest, {q}I q;‘} being

q; :1—qi:-<, are ordered form lowest to largest,
and in consequence we have:

Cc c —_—
Py + Pji = Zwkqij + Zwm—kﬂqji = Zwkqij
=1 =1 =1

+ Z W41 (1_ Qi?) =1+ Z (Wk - Wm—k+1)qi:'<
=1 =1
=1+ ) W, qr
where

R T 2
If we denae A(k):QE%%QQ.—%E

Alk-1).

We distinguish three possble cases, according to
thevaluesof a+b: (A) a+b=1, (B) a+b<1,
(C) a+b>1.

w, = Ak)-

CASEA: a+b=1

Inthiscase 1-a=b, 1-b =a andwe have

o o O0<l-x<aOd
Q(l—x):En;)X_a asl—xsbg
E 1a b<1—xslg
O 0 b<x<1O
:Eb5—+a_x_a asxsbg
E bla Osx<ag
O 1-0 O<x<a[
:El—g asxsbgzl—Q(x).
01-1 b<x<lp
This implies that

= Q¢ Hr Q- X = o fra-QE Fe k.
ong O mg [oOmg umQ
and w, = A(k) - A(k-1) =0,0k, and therefore
pi + Py =10, j.

Summearising, we have stated the foll owing results:



Proposition 1. If Q is a linguistic quantifier with
membership function verifying

Q- x) =1-Q(x),0x,

then the collective fuzzy preference reation,
obtained by aggregating a set of additive reciprocal
fuzzy preference rdations, using an OWA operator

guided by Q, is additive reciprocal.

Proposition 2. If Q is a rdative non decreasing
linguistic quantifier with parameters a and
bverifying a+b=1, then the OWA operator
guided by Q preserves additive reciprocity.

Example 1. Suppose that we have a st of four
alternatives and a set of six experts that provide
their opinion using the following additive reciprocal
fuzzy preferencerdations:
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Using the linguistic quantifier with the pair of
values (0.25,0.75) and the corresponding OWA
operator with weight vector (0,%,1,3,%,0), the
collective preference relation is:

05 0.315 0.538 0.785
068 05 068 064rC
'%462 0315 05 0.865-

215

036 0.135 05 E
CASEB: a+b<1

c

In this case, we havethat 1-a>b, 1-b>a and
as a consequence of beng a<b we have
a<1/2. We can assume for now that b>1/2 ,
what implies that 1-b<b, leting for later the
other case b<1/2.

CASEB1. b>1/2

Now we have that 0<a<l-b<b<l-acx<l,

and consequently
0o O<x<a
Oix —
x—a asx<l-b
g—a
Q(X):M 1-b<x<b
(b-a
01 b<x<l-a
E 1 l-a<x<l
o 1 O<x<a
él 1 asx<l-b
-X-a
Q(l—X):D b-a 1-b<x<b
-x-a
0-— b<x<l-a
Db—a
o O —asx<
with xJ[0,1] and
O 1 O<sy<ma
0 -
O M r’nasy<m(1_b)
g mb-a)
A(y) = H 1b_ 2: m(l-b)<y<mb
0 —
m-y-mb=28) oy omi-a
0 mb-a) sy<mil-2)
H 1 ml-a)<y<m

with yO[Om]. It is clear that there exist

h,,h,,h,,h, O{L---,m} such that
h -1<ma<h, h,-1<m@-b)<h,,
h,-1<mb<h,, h,-1<m@-a)<h,,



and in consequence:

A(O)::A(hl—]_):]_

_k+mb-2a) , _ 3
A(k)—m,k—hl,m,hz 1
A(j):ﬁ,j:hz,---,hg—l

b-a

_m-l-mb-2a) , _ 3
A=yt
A(h4)::A(m):l

Moreover, it is clear that m-h, =h -1,

m-h, =h, -1, so:

o _o _aw - mma

Wl—"'—Wm-l_o’Wm_m(b_a)’wmﬂ

- 1 = _h-mo

_th—l_ ’th_ » Why+1
m(b—a) m(b—a)

. _~_— _mb-h,

TP T O = gy e T

— _ -1 _ _ma-h

h,-1 th - ’

* mb-a) ™ mb-a)

W,y = =W, =0

The expression for pj + pj reducesto:

p; + 5 =1+w, (g +qp")+
S kK 4 m—k+1)
L= m(b _ a) (qij qij

+w, [ +q)210,j.

Example 2. Suppose again the same st of
additive reciprocal preference rdations that in
example 1. Using the linguistic quantifier "at least
half* with the pair of values (0,0.5) and the
corresponding OWA operator with weight vector
(3,3,3,000), then the collective preference
reationis:

05 04 066 0.94F
008 05 087 0.85C
_%69 055 05 0965

38 061 041 o.sﬁ

c

CASEB2.b< 1/2

In this case we have that
O<asb<l-b<gl-ac<l, andtherefore

oo 0O<x<a
x-a
Elﬁ as<x<b
Q¥ =01 b<x<1-b
g 1 l1-b<x<l-a
H1 l-a<x<1
o 1 0<x<a
E 1 a<x<b
Qu-x=g 1 b<x<i-b
fh-x-a l1-bsx<l-a
Ub-a
H 1 l-a<x<1
g 1 Osy<ma
O -
M rnasy<mb
o mb-a)
AY) =0 2 mb<y<m(l-b)

On-y+m(b-2a)

—
o Mb-a)
0 1

m(1-b) < y <m(1-a)
ml-aysysm

There exist Il,IZ,Is,I4D{L---,m} such that
L -1<mas<l, [,-1<mb<l,,
[, -1<m(l-b)<l,, l[,-1<ml-a)<l,,
m-1,=1,-1, m—=1; =1, —=1. Thus,

- — — — |1_ma —
W, = =W, =0,w, —mvww =
_ _ 1 _mb-1,+1 _
_le—l_ _ ,W|2 - _ ,W|2+1—---

m(b—a) m(b—a)
[,-1-mb

_VV|3_1 :OVWI3 :m’w|3+l :'”:VVIA—l
= -1 7VVI4: rna_ll 7VV|4+1:...:Wm:0

m(b—a) m(b—a)

The expression for pj + pj reducesto:
py + P =1+ Wy, (qiljl + Qilf )+
= ( k K 1)
— = |g*+g™ ")+
v m(b _ a) qu ql]
w, (aF +af )220, j.

Example 3. Suppose again the same st of
additive reciprocal preference rdations that in



example 1. Using the linguistic quantifier with the
pair of values (0.15,0.35) and the corresponding
OWA operator with weight vector (3,75,+,0,0,0),
then the callective preferencerdationiis :

05 042 053 0.96
084 05 087 091
'%78 064 05 099k

38 066 041 o.5E

c

Summarising, we have obtained the following
result:

Proposition 3. Let {Pl,---, Pm} be a finite set of
individual additive reciprocal preference reations,
and Q a reative non decreasing relative quantifier
with membership function

0o 0<x<a
Ox-a
Q(x):? asxsb
0 1a b<x<1
with a+b<1. Then, the collective preference
rdation  P°=(p),  pe=gqy(pl, pP),

obtained using the OWA operator ¢, verifies
py + Py 210, .

CASEC: a+b>1

As in the previous case, we have to distinguished
two sub-cases: a<1/2and a=1/2.

CASEC1. a<1/2
The expressions for Q(X), Q(L—-X) and A(X)
are, respectivey:

oo 0<x<1-b
E 0 l1-b<x<a
Q(X)=E|§_: asx<l-a
SF l-a<x<b
-a
! b<x<1
o 1 0<x<1-b
-x-a
DW 1_bSX<a
Q-x=p-*-a asx<l-a
Ub-a
O o l-a<x<b
E 0 b<x<1

o 1 0<y<m(l-b)
YT by y<ma
0 m(b-2a)

Ay =H 2 mas< y <m(L-a)
0 b-a
Ooy-m m(l-a) <y <mb
0mb-a) (1-a)<y<
H 1 mb<ys<m

Thereexist 1,,1,,15,1, D{L---,m} such that

n-1<m@-b)<r,r,-1l<masr,,

r,-l1<ml-a)<r,, r,-1<mb<r,,
m-r,=r, -1, m-r, =r, -1,

and therefore:

m-r, —mb
— — — — 1 —
Wl_‘”_wrl—l_o’wrl_7S0!er+l_‘”
m(b - a)
-1 r,-1-ma
=W, F W =< 0,\7\7r2+1 =
m(b-a) m(b -a)
_ _ _ L 1
=W, =0w =-w W, == r41_M’

W :_er!wr4+1 = =W, =0.

T4

The expression for pj + pj reducesto:

pi +p5 =1+w, (g +qit )+

1 o
kzﬁlm(b_a)(qij g+

w, (07 +a2)<100i, ).

Example 4.. Using the linguistic quantifier "most
of" with the pair of values (0.3,0.8) and the
corresponding OWA operator with weight vector
(0,:,3,3,5,0), then the collective preference
reationis:

HO.S 0.25 0.49 O.76E

pe _ (066
42
19

CASEC2: a=1/2

05 064 0.59[
027 05 0.85C
031 0.12 o.5E

In this case, following a similar reasoning as in case

b2.,, it is eadily
p; + P <10, j.

to prove again that



Example 5. Using, in this case, the linguistic
guantifier "as many as possible’ with the pair of
values (0.51) and the corresponding OWA
operator with weight vector (0,0,0,3,%,3), then
the collective preference relation is

05 02 031 062
006 05 045 0390
34 013 05 059-
06 015 0.04 o.sﬁ

PC

If (a,b)=(0.7,0.9),
(0000,3,3 and
relationis:

the weighting vector is
the collective preference

05 015 019 05
058 05 033 0.32F
%32 013 05 059t
03 007 001 osE

c

Summarising, we have obtained the following
result:

Proposition 4. Let {P*,---,P™} be a finite set of
individual additive reciprocal preference reations,
and Q a reative non decreasing quantifier with
membership function

oo O<x<a
Ox —

Q(x) as<xs<b
%—a
O 1 b<x<i

with a+b>1. Then, the collective preference
daion  P°=(p;). b5 =g (0} ),
obtained using the OWA operator ¢, verifies
pi + Py L0, j.

4 Conclusions

We have studied necessary conditions to preserve
additive reciprocity when aggregating a finite set of
additive reciprocal fuzzy rdations using OWA
operators guided by a rdative non decreasing
linguistic quantifier with parameters (a,b). We
have shown that additive reciprocity is maintained

when a+b=1 and not when a+b=#l.
Moreover, as we can see from the examples given,

the bigger the value of |a+b -1 the more distant

the collective preference rdation is from being
additive reciprocal, in the sense that the bigger is

p; +p -1
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