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Abstract

Decision-Making problems can present
aspects from different nature, hence de-
pending on it each aspect will be as-
sessed with values belong to different do-
mains. Therefore, their definition con-
text is a heterogeneous context. The
main difficulty in these problems is to
combine the heterogeneous information
during the decision process. In this pa-
per we propose a process for combining
preferences modelled by means of nu-
merical values in [0,1], numerical inter-
vals in [0,1] and linguistic values. This
process will unify the input informa-
tion into a linguistic domain using the
linguistic 2-tuple representation model.
Then, the aggregation process is carried
out over this representation.

Keywords: Decision-Making, hetero-
geneous information, aggregation.

1 Introduction

In some occasions we can find decision-making
problems that present different phenomena that
can have different nature. Quantitative aspects
are assessed by means of numerical values [8] or
intervals [12]. However when the aspects pre-
sented by the phenomena are qualitative, then it
may be difficult to qualify them using precise val-
ues, so the use of the fuzzy linguistic approach
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[14] has shown itself as a good choice to model
these phenomena, due to the fact that it repre-
sents qualitative aspects with qualitative terms
by means of linguistic variables.

A decision process for solving a decision-making
problem is composed by two phases [11]: (i) The
aggregation phase, that combines the individual
preferences, and (ii) the exploitation one, that ob-
tains a solution set of alternatives for the problem.
Therefore when we deal with Decision-Making
problems defined in a numerical, interval-valued
and linguistic context, called in this contribution
as “heterogeneous context”, we have to aggregate
this type of information. In the literature we can
find different operators and processes for com-
bining numerical information [8], linguistic infor-
mation [2], interval-valued information [12], etc.
However there are not processes, or operators able
to aggregate heterogeneous information.

The aim of this paper is to develop an aggregation
process for easily combining numerical, interval-
valued and linguistic information. To do so, we
shall unify the heterogeneous information into an
only expression domain. Among the different pos-
sible domains to unify the heterogeneous informa-
tion (numerical, interval-valued and linguistic) we
choose the linguistic one using the 2-tuple linguis-
tic representation model. Due to the fact that
this representation has transformation processes
between values assessed in different domains and
also has a computational model that allow to ag-
gregate linguistic 2-tuples without loss of informa-
tion. This aggregation process will be applied to
a Multi-Criteria Decision-Making (MCDM) prob-
lem defined in a heterogeneous context.



In order to do that, this contribution is struc-
tured as follows: in Section 2 we shall present the
preliminaries; in Section 3 we shall propose an ag-
gregation process for heterogeneous information;
in Section 4 we shall present an example of a deci-
sion process over a MCDM problem with hetero-
geneous information and finally, some concluding
remarks are pointed out.

2 Preliminaries

In this section, we shall present some necessary
concepts, for developing our purpose. In first
place, we shall introduce some concepts about
the preference modelling and afterwards we shall
make a brief review of the 2-tuple linguistic rep-
resentation model.

2.1 Preference Modelling

It is a fundamental activity for different areas,
as Decision-Making, Economy, Psicology, etc. It
consists of to choose the expression domain and
structure for expressing the preferences over the
different alternatives of the problem. In this pa-
per we shall express the preferences using prefer-
ence vectors, such as:

(yla Y2, .ey yn)

where y; is the preference for the alternative z;.

And the preferences can be assessed in the follow-
ing ways:

1. Numerical Preference Vector.

2. Interval-valued Preference Vector.

3. Linguistic Preference Vector.

2.1.1 Numerical Preference Vector

This preference modelling is used when the as-
pects are assessed by means of precise numeri-
cal values in [0,1] [8]. An example of a numer-
ical preference vector over a set of alternatives
X ={z1,...,z4} can be:

(0.9,0.7,0.6,0.8)

2.1.2 Interval-valued Preference Vector

We can find quantitative aspects that it is not pos-
sible to assess by means of a single precise numeri-
cal value. In these cases we use an interval-valued
in [0, 1] for expressing these preferences [12] . An
interval-valued preference vector over the set of
alternatives X = {x1,...,z4} can be:

([0.5,0.7],[0.6,0.9], [0.65, 0.85], [0.8, 0.95])

2.1.3 Linguistic Preference Vector

Many aspects of different activities in the real
world cannot be assessed in a quantitative form,
but rather in a qualitative one, i.e., with vague
or imprecise knowledge. In that case a good ap-
proach may be to use linguistic assessments in-
stead of numerical values. The fuzzy linguistic
approach represents qualitative aspects as linguis-
tic values by means of linguistic variables [14].

We have to choose the appropriate linguistic de-
scriptors for the term set and their semantics. In
the literature, several possibilities can be found
(see [3] for a wide description). An important
aspect to analyze is the ”granularity of uncer-
tainty”, i.e., the level of discrimination among
different counts of uncertainty. The ” granular-
ity of uncertainty” for the linguistic term set
S = {s0,...,84} is g + 1, while its "interval of
granularity 7 is [0, g].

One possibility of generating the linguistic term
set consists of directly supplying the term set by
considering all terms distributed on a scale which
a total order is defined [13]. For example, a set of
seven terms S, could be given as follows:

S={so:N,s1: VL sy:L,s3:M,s4:H, s5:VH, sg

Usually, in these cases, it is required that the lin-
guistic term set satisfies the following additional
characteristics:

1. There is a negation operator: Neg(s;) = s,
such that, j = g —i (g + 1 is the cardinality).

2. 3; < 85 & 1 < j. Therefore, there exists a
minimization and a maximization operator.

The semantics of the linguistic terms are given by
fuzzy numbers defined in the [0,1] interval. A way
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to characterize a fuzzy number is to use a repre-
sentation based on parameters of its membership
function [1]. The linguistic assessments given by
the users are just approximate ones, some authors
consider that linear trapezoidal membership func-
tions are good enough to capture the vagueness of
those linguistic assessments. The parametric rep-
resentation is achieved by the 4-tuple (a,b,d,c),
where b and d indicate the interval in which the
membership value is 1, with ¢ and ¢ indicating the
left and right limits of the definition domain of the
trapezoidal membership function [1]. A particular
case of this type of representation are the linguis-
tic assessments whose membership functions are
triangular, i.e., b = d, then we represent this type
of membership functions by a 3-tuple (a,b,c). A
possible semantics for the above term set S, may
be the following :

P = (0.83,1,1) VH = (0.67,0.83,1)
H = (0.5,0.67,0.83) M = (0.33,0.5,0.67)
L = (0.17,0.33,0.5) VL = (0,0.17,0.33)
N = (0,0,0.17)

A linguistic preference vector over a set of alter-
natives X = {z1,...,z4} can be:

(VH,M, M, L)

2.2 The 2-tuple Fuzzy Linguistic
Representation Model

This model was presented in [4, 5] for overcoming
the drawback of the loss of information presented
by the classical linguistic computational models:
(i) The model based on the Extension Principle
[1], (ii) and the symbolic one [2]. The 2-tuple
fuzzy linguistic representation model is based on
symbolic methods and takes as the base of its rep-
resentation the concept of Symbolic Translation.

Definition 1 . The Symbolic Translation of a
linguistic term s; € S = {so,...,5¢} s a numer-
ical value assessed in [—.5,.5) that supports the
"difference of information” between a counting of
information f € [0,g] and the closest value in
{0,...,g} that indicates the index of the closest
linguistic term in S (s;), being [0,g] the interval
of granularity of S.

From this concept a new linguistic representa-
tion model is developed, which represents the lin-
guistic information by means of 2-tuples (r;, a;),
r; € S and «o; € [-.5,.5). r; represents the lin-
guistic label center of the information and «; is
the Symbolic Translation.

This representation model defines a set of func-
tions to make transformations between linguistic
terms, 2-tuples and numerical values:

Definition 2 . Let s; € S be a linguistic term,
then its equivalent 2-tuple representation is ob-
tained by means of the function 0 as:

0:5 - S x[~0.5,0.5)
0(s;) = (si,0)

Definition 3 . Let S = {sq, ..., s¢} be a linguistic
term set and 8 € [0, 9] a value supporting the re-
sult of a symbolic aggregation operation, then the
2-tuple that expresses the equivalent information
to B is obtained with the following function:

A:[0,9] = S x [~0.5,0.5)

A(B) = (si,a) = { o :Sé —i iazer[ofgfl-(f))

where round is the usual round operation, s; has
the closest index label to ”B7 and “a” is the value
of the symbolic translation.

Proposition 1 . Let S = {sq,...,s} be a lin-
guistic term set and (s;, «) be a linguistic 2-tuple.
There is always a function A~1(-), such that, from
a 2-tuple it returns its equivalent numerical value
B € 10,g] in the interval of granularity of S.

Proof.

It is trivial, we consider the following function:

A1 S x [~0.5,0.5) — [0, 4]
A l(sja)=i+a=p

3 Integration of Heterogeneous
Information

In this section we present our purpose for combin-
ing numerical, linguistic and interval-valued infor-
mation. We shall develop an aggregation process
with the following steps:



1. Making the information uniform (Nor-
malization process). The heterogeneous in-
formation is unified by means of linguistic 2-
tuples assessed in a Basic Linguistic Term Set
(BLTS). This normalization process is car-
ried out in the following order:

(a) Transforming, interval-valued prefer-
ences in [0,1] into numerical values in
[0, 1].

(b) Transforming numerical values in [0, 1]
into linguistic 2-tuples in the BLTS.

(c) Transforming linguistic terms into lin-
guistic 2-tuples in the BLTS.

2. Combining linguistic 2-tuples.
3.1 Making the information uniform

The heterogeneous information will be expressed
by means of linguistic 2-tuples in a BLTS. There-
fore, first of all we must select which will be the
BLTS.

3.1.1 Selecting the BLTS

We study the linguistic term set S that belongs
to the definition context of the problem. If:

1. S is a fuzzy partition,

2. and the membership functions of its terms are
triangular, i.e., s; = (a;, b;, ;).

Then we select S as BLTS, due to the fact that,
these conditions are necessary and sufficient for
the transformation between values in [0, 1] and 2-
tuples, is carried out without loss of information
[6]. If S does not satisfy the above conditions
then we shall choose as BLTS a term set with a
larger number of terms than the number of terms
that a person is able to discriminate (normally 11
or 13, see [10]), satisfying the above conditions.
We choose the BLTS with 15 terms simmetrically
distributed, with the following semantics (graph-
ically, Figure 1).

3.1.2 Transforming interval-valued
preference in [0, 1] into numerical
values in [0, 1]

This process will obtain a single numerical value
in [0, 1] that represents the information of an in-

so (0,0,0.07) s1 (0,0.07,0.14)

sy (0.07,0.14,021) s3  (0.14,0.21,0.28)
sy (0.21,0.28,0.35) s5  (0.28,0.35,0.42)
se  (0.35,0.42,05)  s;  (0.42,0.5,0.58)
sy (0.5,0.58,0.65)  sg (0.58,0.65,0.72)
sio (0.65,0.72,0.79) s11 (0.72,0.79,0.86)
s12 (0.79,0.86,0.93) s13  (0.86,0.93,1)

(

sia (0.93,1,1)

Figure 1: A BLTS with 15 terms simmetrically
distributed

terval.

We have an interval-valued preference vector
(la1,@1], ..., [an,@n]) over a set of alternatives
{z1,...,2,} and we want to obtain a preference
vector with numerical values. To do so, we shall
use the following transformation process:

1. Making a preference relation from the
interval-valued preference vector. This
conversion is carried out using the Left'()
operator [9]:

Left'(A,B) = Pag(z < y),

where x € A and y € B.
The value of Left'(A, B) are:

(a) Let A = [a,@] and B = [b,b] be two in-
tervals, if @ < b then Left'(A, B) = 1,
also, if a > b then Left'(A, B) = 0.

(b) Figure 2 shows the four non-trivial case
of overlapping A and B, and Table 1
shows the values of Left'(A, B) in each
of these cases.

Remark 1: We consider that the preference
values are dependent themselves.
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Figure 2: The four non-trivial cases of overlapping
A and B

Table 1: The values of Left'(A, B)

| Case | | Left'(AB) |
I A=1[0,a + b 1_ b2
B =la,a+b+ (] 2(a+b)(b+c)
I A=1[0,a+b+| 2ath
B = [a’ a+ b] 2(a+b+c)
111 A= [a, a+ b] b+2c
B=1[0,a+ b+ 2(atb+c)
v A=la,a+b+(] b2
B =[0,a +b] 2(a+b)(b+c)

2. Exploiting the preference relation. We
apply an exploitation process, A(:), to the
above preference relation to obtain a numer-
ical value in [0, 1] for each alternative z; that
expresses dominance of z; over the rest of al-
ternatives:

1 - p
A@»—;:RQQ#Mﬁu@m

where n is the number of alternatives.

3. Obtaining a numerical preference in
[0,1]. We shall combine the dominance de-
gree, A(z;), with the center of the interval I;
to reach a numerical preferences for z; using
an aggregation operator. In this paper we
use the arithmetic mean.

3.1.3 Transforming numerical values in
[0,1] into linguistic 2-tuples in the
BLTS, St

In [6] was presented a process to convert numeri-
cal values in [0, 1] into linguistic 2-tuples without

loss of information, that is showed graphically in
Figure 3.

T FuzySes | A Linguigtic
0 — | ns | =] [0g [—> | 2we [{~(s.0)

‘@
v

Figure 3: Transforming numerical values in lin-
guistic 2-tuples

Where 7 transforms a numerical value into a fuzzy
set in a linguistic term set:

7:[0,1] = F(S)
7(9) = {(50,7%); - (Sg,7g) }, i € Sand~y; € [0,1]

0, if O & Support(ps,(z))
P0i jfa; <9 < b

L — — b;—a;’
n=r =0 e <o <4
G, ifdi<d<g

Remark 2: We consider membership functions,
s, (+), for linguistic labels, s;, that achieved by
a parametric function (a;, b;, d;, ¢;). A particular
case are the linguistic assessments whose mem-
bership functions are triangular, i.e., b; = d;.

x transforms a fuzzy set in a linguistic term set
into a numerical value in the interval of granular-
ity of St, [0, g].

X : F(Sr) = [0, 4]
. E]g-zo Jjoy
X(T(0) = X({(53:3), 5 = 01 9}) = 4222 =
j=
Therefore, applying the A function to 5 we shall
obtain a linguistic 2-tuple.

All the input interval-valued and numerical infor-
mation is now expressed by means of linguistic
2-tuples in the BLTS.

3.1.4 Transforming linguistic terms into
linguistic 2-tuples in the BLTS

Finally, the linguistic information must be con-
verted into linguistic 2-tuples in the BLTS. There
exist two possibilities:

1. St is the linguistic term set S used in the
definition context of the problem. Then this
conversion is carried out using the function

6.



2. St is not S. We shall use the process pre- CAR2, CAR3 and CAR4. The customer takes into
sented in [4, 7] showed in Figure 4 to make  account six attributes including both qualitative
the conversion: and quantitative ones to decide which car to buy.

Quantitative ones are assessed in [0,1] or inter-

vals in [0,1] and qualitative ones are assessed in S

ey Fuzzy Seis A Linguisiic .
|k*’ S| —» inS; _X> [O,Q] — 2:#%(? 7*(0‘,(1) (Flgure 5)

N VL L M H VH P

Figure 4: Transforming linguistic term into lin-
guistic 2-tuples

where 745, transforms a label in A into a
fuzzy set in St:
TAST : A— F(ST)
Tasy(li) = {(ck; 7)) [k €40,....g}}, VI € A
Vp = maxy min{lj'li (y), Ky, ()} 0 o 08 05 087 08 1

where F'(St) is the set of fuzzy sets defined in
St, and p,(+) and fic, (-) are the membership
functions of the fuzzy sets associated with the
terms [; and ¢, respectively.

Figure 5: A Set of seven terms with its semantics
The criteria for this example are:

Finally, apply the functions y and A to ob-
tain the linguistic 2-tuples.

1. Numerical criteria:

(a) Cy: Aerodinamic degree
3.2 Combining linguistic 2-tuples (b) Ca: Price

All the preference values, ¥;;, are modelled
by means of linguistic 2-tuples assessed in Sr,
(sk, @), and our objective is to aggregate this (a) C3: Fuel economy
information to obtain collective values for each (b) Cy: Safety
alternative x;.

2. Interval-valued criteria:

) . o 3. Linguistic criteria:
In [5] a wide range of 2-tuple linguistic aggrega-

tion operators were presented, therefore, to aggre- (a) C5: Comfort
gate the 2-tuples, (s, @)%, we shall choose one of (b) Cs: Design
these linguistic 2-tuple aggregation operators and

apply it to combine the 2-tuples, obtaining as a

result a collective linguistic 2-tuple assessed in St. Table 2: Preference Values
Formally, it can be expressed as: ‘ | Numerical | Interval-valued | Linguistic |
FO((l, 1), .., (I, am)™) = (1, ) Ci| O Cs Ca | C5 | Cg
1] . . .5,. .75,. H| H
where F'O is any 2-tuple aggregation operator, m GAR ) 0 [-5,.7] [75,.95] | V
. ;s CAR2 | .7 .8 [.6,.9] [.4,.6] H | M
the number of values to combine, and (I, @)7 is the
. . CAR3 | .6 .9 [.65,.85] | [45,.7] | M H
collective performance value for the alternative,
. CAR4 | .8 .8 [.8,.95] | [65,8] | H | VH
zj, that we are looking for.
4 Example 4.1 Decision Process

Let us consider a customer who intends to buy We shall use the following decision process to
a car. Four models of cars are available, CARI1, solve this problem:



1. Aggregation process. All the preference val-
ues for each alternative are aggregated to ob-
tain a collective degree of preference, GD; in
the BLTS.

2. Selection process. It selects the alternatives
with best collective degree of preference.

4.2 Applying the Decision Process

4.2.1 Aggregation process

We use the aggregation process presented in this
paper.

1. Making the Information Uniform

(a) Choose the BLTS. It will be S, due to the
fact, it satisfies the conditions showed in
Section 3.1.1.

(b) Transforming interval-valued prefer-
ences in [0,1] into numerical values
in [0,1].. The values obtained for the
criteria Cy are:

Table 3: Interval-valued into a numerical value
| C4 [ 0.92]0.29 | 0.42 [ 0.70 |

(c) Transforming numerical values in [0, 1]
into linguistic 2-tuples in the BLTS. The
values obtained for the criteria Cy are:

Table 4: Numerical value into a linguistic 2-tuple
| Cy | (P-47) | (L-25) | (M,-47) | (H,.19) |

(d) Transforming linguistic terms into lin-
guistic 2-tuples in the BLTS.

The input information is expressed by means
of linguistic 2-tuples in the BLTS:

Table 5: Unified information
\ | carl | cAR2 CAR3 | cAR4 |
¢y | (H,-.12) | (VH,-.25) | (VH,-.25) | (VH,.13)
Cy | (VH,.4) (H,.18) (H-.12) | (VH,-.25)
Cs | (L,-.06) (H,0) (H,-.24) (VH,.47)
Cy | (P,-.47) (L,-.25) (M,-.47) (H,.19)
05 (V 70) (H,O) (M,O) (H,O)
06 (Ha ) (M,O) (H,O) (M,O)

2. Combinig linguistic 2-tuples. When all
information is expressed by means of 2-tuples
in the BLTS we use a 2-tuple aggregation op-
erator for combining it. In this example we
shall use the extended arithmetic mean [5]
defined as

1 n
=AY 6)
=1

obtaining the following collective degree of
preference for each car:

Table 6: Aggregated value
| cARl | cAR2 | cAR3 | cCAR4 |

| (H,:29) | (H,-.39) | (H,-.35) | (H,.42) |

4.2.2 Exploitation proccess

We choose the alternative with the best collective
preference value, i.e., “CAR4”.

5 Concluding Remarks

To deal with heterogeneous contexts (numerical,
interval-valued and linguistic information) is very
complex because there not exists a process for
combining heterogeneous information. We have
developed in this paper an aggregation process
for this type of information and have applied it
to an MCDM problem. In future works we shall
develop processes based on 2-tuple linguistic mod-
elling that allow to combine numerical, interval-
valued and linguistic information in any structure
of preference modelling (order vectors, utility vec-
tors and preference relations).
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