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Chapter 1

Introduction

1.1 Motivation

Group decision making (GDM) is a decision theory branch that has been widely
applied in real world scenarios to solve important and complicated decision
problems in a range of domains, such as public health [5], water supply
engineering projects [127], foreign policy [8] and so forth. In GDM problems,
decision makers (DM s) usually evaluate alternatives based on multiple attributes,
leading to multiple attribute group decision making (MAGDM) problems [82].
However, because ofthe complexity of eliciting assessmentsand human beings
bounded rationality , linguistic terms are easier elicited than crisp numbers for
assessingattribute in MAG DM. The concept of linguistic variable was introduced
by Zadeh [206], it is a variable whose values are not numbers but words or
sentencesin natural or artificial language. It turned out to be a useful tool for
handling MAGDM problems with qualitative information. Since then, MAGDM
approaches dealing with linguistic variables have been widely investigated [53, 108,
111, 117, 177]

When a problem is solved using linguistic information, it is necessary to carry
out computing with words (CWW) processes [121, 208, 210]see Figure 11), which

is one of the most used methodologies
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Figure 1.1 Computing with words process

In this process, linguistic outcomes are obtained from linguistic inputs, which
are easily understandable and properly represented. Consequently, several
linguistic computational models have been developed to accomplish the CW W
processes[3, 60, 61, 118, 172, 197TThese models follow the computation scheme
depicted by Yager [198, 199]that points out the importance of the translation and
retranslation processes in CWW (see Fig. 1.1)However, there are some limitations
when fusion processes are performed on linguistic variables. They performed the
retranslation step as an approximation process to express the results in the original
term set provoking a lack of accuracy [63]. In these approaches, the results usually
do not exactly match with any of the initial linguistic terms, then an approximation
process must be developed to express theresults in the initial expression domain.
This produces the consequent loss of information and hence the lack of precision.

To avoid such an inaccuracy in the retranslation step, a 2-tuple linguistic
model [60] was proposed. A 2-tuple linguistic representation is composed by a
linguistic term and a numerical value called symbolic translation that represents
the displacement of the linguistic term. The refore, it avoids the loss of information
and obtains more precise and interpretable results. For this reason, the 2tuple
linguistic model stands out as one of the most widely used in decision making [119,
142].

Furthermore, several 2-tuple linguistic exten ded models have been proposed
within MAGDM problems , such as,the 2-tuple semantic model [1, 163, 164] multi -
granular 2-tuple linguistic model [38, 62, 197] proportional 2 -tuple linguistic model
[172, 173] numerical scale model [34, 36, 37] etc. Based on the extensiveand
successful research ofthe 2-tuple linguistic models, Martiez and Herrera [120]
provided an overview on these model. The previous 2-tuple linguistic models have
been successfully used to elicit the assessments but, e reliability of the
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assessments is also important for DMs. The extant decision making modelsbased
on the 2-tuple linguistic information assume that all assessments have the same
confidence level [112], which may be infeasible in practice. Hence, Zhu et al. [225]
proposed the concept of two-dimension linguistic information, which includes the
reliability information of the subjective assessments. Subsequently, two dimension
2-tuple linguistic (TD2L) [224] was proposed by combing the two-dimension
linguistic expression and 2-tuple linguistic information.

Obviously, the information expres sed as TD2L is more accurate and
reasonable, because the assessment and the reliability of the assessment are
provided at the same time. Due to the advantages of eliciting TD2L assessments
several results on MAGDM problems with two -dimension linguistic as sessment[98,

99, 220]have been developed such as:

Representatiomodel of TD2L label&enerally, the TD2L labels are presented
as a binary linguistic term form [223]. The two classes of linguistic
information come from two different linguistic term sets respectively. The
first term set represents the evaluation assessments provided byDMs. The
secondterm set represents thereliability of the previous assessment, which

is also the subjective information provided by DMs [202].

Operational and comparison rules of TD2L labééferent operators have
been developed for different kinds of two -dimension linguistic expression,
such as, two-dimension uncertain linguistic aggregation operators [106,
110] used for aggregating the two-dimension linguistic labels under
uncertainty, trapezoidal fuzzy two -dimension linguistic power
generalized aggregation operators [99] used for aggregating the TD2L
labels with the first class linguistic uncertain extended to trapezoidal fuzzy
number, etc. Besides, the comparison rules between TD2Ls have been
developed based on the traditional comparison rules of 2-tuple linguistic
model [60], such as,two-dimension linguistic lattice implication algebra
(2DL-LIA) [224] used for expressing and comparing the TD2Ls, the
notation of expectation of TD2Ls [110] was proposed for comparing two -

dimension uncertain linguistic variables, etc.

GDM methods based on TD2L expressiBimce TD2L has unique advantages
in modelling information, its research and application combined with
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these classical GDM methods has attracted attention from scholars.Several
GDM methods have been extendedunder the TD2L environment, such as
PROMETHEE [220], extended TODIM [105], extended VIKOR-
QUALIFL EX [98], failure mode and effects analysis [104], extended
prospect theory-VIKOR [33],etc.

Application of GDM methods based on TD2L labelgeal life.In some real

situations, linguistic terms have been considered the most suitable
modelling for assessing attributes, such as emergency decision making [32,
33], quality evaluation of community question answering [97] power plant

site selection[185] and risk assessment[186], etc.

Further research in GDM shows that consensus reaching processes (CRPS)
have been required to assure the agreement on decision results in GDM problems.
However, CRPs generally demand that the original assessments are adjusted if the
expected consensus level is not satisfied. Insuch a situation, the reliability of the
adjusted assessments is worth thinking.
could be given by experts in advance, however, the reliability of the adjusted
assessments Bould be derived from an objective measure way .

Despite there are multiple models and approaches to deal with MAGDM and
TD2L labels jointly , both theory and practice, it is remarkable that so far these
models and approaches are not good enough when they are applied to real world
MAGDM problems in which CRPs are applied to. Thus, new difficulties and
challenges described below are the main motivations of this researchmemory:

The aggregation of the TD2Ls in MAGDMggregating the TD2Ls of DMs to
rank or sort the alternatives, to select the best option is a necessary
process. In MAGDM problems based on TD2L labels, individual D Ms 6
preferences must be aggregated in acollective and well -structured way to
make the final decision. The aggregation of the TD2Ls is of great
importance in MAGDM because different aggregation operators could
lead to different results. However, interpreting and analyzing the seD Ms &
preferences is a complex task. And in the existing methods, no matter
which aggregation operator is taken, the two -dimension information of the
TD2L labels are taken separatelyfor computing [99, 107, 110, 167, 200]n
fact, when the assessments are ot completely reliable, they become

Obvi

ou
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random which means the assessment is uncertain. Therefore, an
aggregation operator for dealing with the TD2L labels from a stochastic
perspective is promising to research.

Measuringreliability of the adjustedD2L assesment TD2L labels express the
assessment and its reliability. With the advantage of the representation of
the TD2L labels, they have been applied to many MAGDM problems [32,
185, 186] However, by performing a CRP, the initial TD2L labels are
modified and the reliability of the adjusted assessment should be
recomputed. The reliability of the initial assessment is subjective. However,
an objective measurement to improve the use of the TD2L labds in
MAGDM is necessary.

Determining DM s @eights in MAGDM problems The calculation of DMs 6
weights in the literature can be divided into subjective methods, objective
methods and methods combining the objective and subjective approaches
[42, 178] Subjective weight determination methods, such as the analytic
hierarchy process (AHP) [146] and Delphi methods [73], assign weights to
DMs based on subjective characteristics such as their background,
professional levels and experience with the decision making problems.
Objective weight determination methods [85], such as the entropy weight
[46], technique for order preference by similarity to an ideal solution
(TOPSIS) [68] and projection methods [204], etc. Mixed subjective and
objective methods for computing DMs @&veights combine the subjective
and objective weights to obtain comprehensive DM s é@veights [116, 147,
176]. When D M s \eights are not given in advance, the objective way to
determine the reasonable weights information is important. Therefore, it is
a challenge to find out a more effective and suitable way to determine the
DMs wweights for MAGDM problems with linguistic assessments.

The clustering of large scale number of DMSlustering analysis can
effectively simplify the CRP when a large scale number of DMs is
involved in MAGDM. Therefore, the clustering analysis has become
significant for solving MAGDM problems. Many scholars have focused
their attention on clustering method, such as, k-means clustering
algorithm [187], a fuzzy c-means based algorithm [151], a hierarchical
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clustering algorithm [21], etc. Using the clustering method, the DMs can

bedi vi ded into sever al smal | clusters, t hen
have higher consistency and a lower degree of conflict for each cluster.

However, the existing clustering method s are complex for computing and

they ignore the support degree on each alternative of different DMs. Thus,

a new clustering method based on the support degree of each alternative

of DMs need to be developed so that more information would be obtained

during the CRP.

The consistency and cComsistenoysandsconsehsusDMs & opi n
are other noteworthy challenges in the MAGDM process. Consistency is
directly related to the credibility of the MAGDM results. Consensus, on
the other hand, means that the agreement of DMs to accept the results of
the process. During the CRP, some DMs do not modify at all their
opinions, which could happen when there is not enough time to persuade
these DMs. DMs agree to modify their preferences to a value that is within
their tolerance degree at most Thus, it might be a challenge to coordinate
the stubborn DMand theaasuteoneaticsfeedbadk with the
consideration of acceptanceand tolerance degree of the adjusted opinion
for stubborn DMs.

In real world MAGDM problems, previous challenges found in existing
MA GDM problems make that current MA GDM approaches need to overcome them
in order to better satisfy the situations and needs in decision making. To deeply
study the subjects regarding the challenges described above, this research memory

conducts comprehensive and deep researchesto fill those gaps.

1.2 Objectives

According to the challenges pointed out previously in existing MAGDM
approaches based on TD2L labels this research memory is focused on the
improvements of current MAGDM approaches.

Based on such a purpose, the following three research objectives are
considered:

1. To develop a novel TD2L computation modelconsiders two dimensi onsd
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information of TD2L labels from stochastic perspective and then compare
the computation models from the general and stochastic perspective by a
case study. Additionally , some new aggregation operators and

comparison rules will be introduced to improve previous studies.

2. To cawsider the reliability degree of the adjusted assessment during CRPs in
MAGDM . Generally, original assessments provided by DMs are linguistic
terms, and the adjusted assessments are still linguistic terms or the
extension of a linguistic term, such as, 2tuple linguistic value after the
CRP. In such a case, the information of the reliability of the adjusted
assessment isusually missing. Thus, another dimension for linguistic
information will be obtained for representing the reliability of the adjusted
agreed assessment. In this objective it will be considered the minimum
adjustment during the CRP, a two-stage minimum adjustment consensus
model based on linguistic assessment information will be proposed to
show the obtained adjusted assessment and its relialility. Besides, the
relations between the reliability of the adjusted assessment and the
distance from the original assessment to the adjusted assessment will be
discussed.

3. TodefineaMA GDM framework It is used to solve the problems refer to a large
number of DMs and consider the tolerance degree of DMs on changing
their opinions. A support degree (SD)based clustering method is
introduced for classifying DMs into several subgroups to make more
manageable the large number of DMs. Besides, the tolerance degree of
DMs will be considered to improve the reliability of the adjusted opinions,
and a minimum adjustment consensus model with two consensus rules
will be presented to improve the consensus level (CL) gradually.
Eventually, the adjusted assessment will be modelled as TD2L labels.
Using the proposed method for comparing TD2Ls, the alternatives
ranking could be obtained.

1.3 Structure

To achieve the objectives presented in Sectionl.2, and taking into account the
article 23, point 3, of the current regulations for Doctoral Studies at the University
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of Jaén, in accordancewith the program establishedin the RD 99/2011, this research
memory will be presentedasacompendium of published articles by the PhD student
student during h er PhD student period.

Two articles have been published in international journals indexed by JCR
database, produced by ISI and one International conference contribution was also
accepted by IEEEInternational Conference on Fuzzy Systems 2021 (Ranking in the
Core Ranking list of conferences 2020 as CORE A In summary, the report is
composed of a total of two articles which have been published in high quality
international journals and one CORE A conference contribution.

The structure of this research memory is briefly described below:

U Chapter 2: Some basic concepts that are used across the research memory
to achieve our research goals are revised such as, retad concepts of
decision making, GDM, MAGDM, MAGDM under uncertainty, MAGDM
based on linguistic information. And the methods and models that are
used in our proposals, such as,fuzzy linguistic approach, 2-tuple linguistic
model, two dimension 2 -tuple ling uistic label, consensus reaching process,

minimum adjust ment cost model and so on will be revised in short.

U Chapter 3: The published proposals that composethe researchmemory are
briefly introduced, in addition, discussions of each result obtained is

presented in short to clarify the achievementsreachedin our research.

U Chapter 4: This chapter is the core of this doctoral thesis, which includes
the publications obtained as the research results.For each publication, the
information about the journals in which the proposals have been

published is further indicated.

U Chapter 5: Final conclusions regarding this research and possible
promising future works are pointed out.




Chapter 2

Basic Concepts and Methods

This chapter establishesthe framework of conceptsand tools related to our research
memory. Due to the fact that, the different papers that composes this research
memory introduce and revise the necessary background for understanding our

proposals, in this chapter we have provided adetailed and structured revision of the
main necessary oncepts related to our proposals including some related concepts
about decision making, GDM, MAGDM , CRP and the managing of consensus
under uncertainty in GDM by eliciting two dimension 2-tuple linguistic labels.

Besides,the methods used for solving MAGDM problems under uncertainty, fuzzy
sets,fuzzy linguistic approach, two dimension 2 -tuple representation model, linear
programming method , are revised. All these concepts, tools and methods are
further detailed in each specific paper of the compendium provided in this research

memory (seeChapter 4 for further details ).

2.1 Decision making
In this section, a brief introduction and a classification of decision making are

revised as the basic knowledge of this thesis, which pave the way for our coming
researches.

11



12 2.1. Decision making

2.1.1 Introduction

Decision making is a complex cognitive process proper of human beings. Within
this process, individuals can decide actions based oneither personal beliefs or the
inference of various factors in various options, or decide the opinions that the
individual wants to express. Every decision making process aims at producing the
final decision and selecting the final choice [140]. Before making a decision, DM s
are often faced with different plans and choices, as well as a certain degree of
uncertainty about the consequences of their decisions;DMs need to weigh the pros,
cons, and risks of various choices in order to achieve the best decisionresult.

The decision making process consists of an entire process from asking
guestions, determining goals, and going through program selection, decision
making, and delivery to implementation. It emphasizes the practical significance of
decision-making. It is clear that the purpose of decision making is execution, which
in turn checks whether the decision is correct and whether the environmental
conditions have undergone major changes[115].

In general, decision making is the process of making choices by identifying a
decision, gathering information, and assessing alternative resolutions [83]. Seven
steps could be corsidered to help DMs to execute the decision making process as
follows [43]:

Step 1: To identify the decision problem: This step determines what the
decision problem actually is.

Sep 2: To gather relevant information: DMs 6 fgrenae information is
collected before decision making.

Sep 3: To identify the alternatives: To list all possible and desirable
alternatives.

Sep 4: To weight the evidence: To place the alternatives in a priority order
based on suitable decisionmethods.

Sep 5: To choose the best possible option: To select the alternative that seems
to be the best or even choose a combination of alternatives.

Sep 6: To execute the action: The alternative derived from Step 5 is
implemented .

Sep 7: To review the decision result: The decision result is evaluated and then
according to the performance of the alternative to improve next possible decision
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problems.
To better illustrate the decision making process a flow chart is shown in

Figure 2.1.
thher rel_evant ; Identify_the ; We?ght the
information alternatives evidence
Identify the
decision problems #
Review the Execute the b?s]'?oggstiglee
decision result [ action < p_
option

Figure 2.1: General decision making process

2.1.2 Classification

Decision making is a common mankind activity in daily life. Human beings usually
facedifferent situations in which there exist several options or alternatives, in some
situations, they must chooseone among them asthe bestoption or alternative. Such
activities widely exist in various fields, such as engineering, technology, economy,
management, military, etc.

According to the different situations or contexts in which the decision problem
is conducted, decision problems can be classified into different types, such asbased
on preferencemodelling113], numberof involvedDM s [126], decisionenvironment[84]

and so on.

(1) Preference modelling

Considering DMs may choose different types of assessmens according to
different decision situation s, hence decision making could be divided into various
types according to the way of modelling the preference assessment such as:
linguistic decision making [56, 129, 219] fuzzy decision making [6, 14, 144]
decision making using numerical data [215, 221]

Some researchers deal with decision making problems based on fuzzy sets
[207], hesitant fuzzy sets [162], 2-tuple linguistic term sets [60], type-2 fuzzy sets
[206], etc. They are frequently conducted in qualitative circumstan ces because of

cognitive limitations and the lack of sufficient information.

(2) Number of involvd DM s

According to the involved number of individuals, decision making can be
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classified into two categories:

Individual decision making , which means there is only one DM
participat ing in the decision making process and the decision results are
completely according to his/her judgment. Individual decision making

saves time and cost and usually makes prompt decisions. Moreover,
individuals are accountable for their acts by various people. The decision
making would be high -quality if the individual has ri ch experience and
excellent professionalism. However, individual is limited in all expertise

to some extent andthere may not be so many creative solutions generated.

Group decision making . It is a type of decision making process in which
multiple individuals acting collectively , analyze problems or situations,
consider and evaluate alternative courses of action, and select from the
different alternatives a solution. Group decisions take into account a wider
scope of information becauseeach group member may contribute distinct
information and expertise. Organization decisions are much more
technically and politically complex ; hence they usually require GDM [31,
52]. Group members can identify more complete and robust solutions and
recommendations through discussing, questioning and collaborative
approaches. The classical solving scheme to solve GDM problems is a
selection process thatconsists of two phases (see Figure 2.2]128]: (1) an
aggregation phase, in which individual information is aggregated, and (2)
an exploitation phase, in which an alternative or asubsetof alternatives is
obtained asthe solution to the problem.

\ Alternative Selection Process

Expertd’ ™A Aggregating Exploitation Solution

. (Aggregation (Selection
Information | #1 operator) criterion)

Y
\J

Figure 2.2: Classicalscheme of group decision making

(3) Decision environment
According to different decision environments in which the decision problem is

carried out, it can be classified into three types of decision problems [13]:
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2.2

Decision making under certain environment. It refers to DMs have a very
definite comparison of what may happen in the future, such as the
alternatives, the attributes, the weights information is definitely sure by
DMs. In such a decision environment, the most commonly used decision
making methods are linear programming decision making method [94],
profit and loss sharing model [131], etc.

Decision making under risk environment. It is a decision made by DMs

based on the probabilities that various natural states may occur and the
conditional benefit value of each alternative. The environment for risky

decision making is not completely certain, but the probability of its

occurrence is known. The commonly used methods for risky decision
making are decision-making method based on expectations [182],
decision-making method based on maximum probability [109], decision
tree method [137], Markov decision process[2], etc.

Decision making under uncertainty environment. The uncertainty
handling has been one of the main concerns of DMs for many years[4]. It
refers to a decision in which DMs cannot determine the probability of the
occurrence of various natural states in the future. Uncertainty comes from
many aspects, such as, incomplete information about the state of the world,
practical and theoretical limitations of DMs [84], which means the future
environment is unpredictable and everything is in a state of flux. There are
various uncertainty handing metho ds developed for dealing with the
decision making under uncertainty environment [155], such as, fuzzy
approach [205], information gap decision theory [50], robust optimization
[156], interval analysis [124], etc.

Group Decision Making

In this section, it is revised the GDM problems and its classification according to the

number of DMs involved, afterwards d ifferent processes and types of methods and

models related to the GDM problem and its typology are briefly revised . Such a

revision aims at introducing the necessary knowledge for understanding the

proposals of this thesis, which pave the way for our novel researches in GDM.
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2.2.1 Introduction

Decision making made by a single DM is a process in which only an individual is
responsible for defining the problem , assessing the alternatives based on a set of
attribute or preference relations and make a final decision [138]. In the context of
economics, politics, military, and management, the decision making process is
becoming increasingly complex, forcing stakeholders and DMs rely on group
wisdom instead of individual judgements. Several DMs with the collective wisdom
are more suitable for decision making.

GDM is a common phenomenon in real life, which refers to the selection of the
best alternative from a set of feasible alternatives according to the opinions of
different DMs. Having more people involved in decision making is beneficial
because each individual brings unique information or knowledge to the group, as
well as different perspectives on the problem. However, with the increasing of the
number of DMs, if the number is larger than 20, then the GDM problem could be
large scale GDM [18]. According to the involved number of individuals, GDM can

be classifiedinto two categories[126]:

Classical GDM: To obtain the most satisfactory alternative, a small group
of DM s are invited to elicit their preferences. Hence, such decisions are
usually taken by a few number of DMs, which can gather collective
wisdom compared to individual decision making, which made decision
making more reliable and credible. DMs are working together to find a
solution for the specific problem. This turns GDM into a more effective
and fast process. Groups can take advantage of theGDM to perform
certain tasks, such as generating ideas and solutions through the group
interaction. It is argued th at DM s can enhance their ability to learn and
stimulate their cognitive level with the GDM process. The classical GDM
solving process is shown in Figure 2.2.

Large scale group decision making (LSGDM): Unlike classical GDM,
LSGDM refers to the selection of the best satisfactory alternative from a set
of feasible alternatives, which is predicated on the preferences of a large
number of DMs. Solving challenging problems can require a large group
of DMs from different fields, the participating DMs are diverse and
numerous [19], which has a wide range of applications in areas like
earthquake shelter selection [193], urban resettlement [20], internet
venture capital [45], financial inclusion [19], social networks [114], and
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emergency decisionmaking [95]. The evolution of GDM problems to
LSGDM problems, has brought many new challenges, not only regarding
the group size but also with regards to other problems such as knowledge
distribution, the increase of cost and complexity in the decision making
processes

2.2.2 Consensus reaching process in GDM

In general, at the Dbeginning of the GDM probl em,
substantially. The consensus reaching process (CRP) is often a necessity in GDM to
achieve a general congnsus regarding the selected alternatives [57, 58, 133]
Usually, consensus is defined as the full and unanimous agreement of all the DMs
regarding all the feasible alternatives. However, a complete agreement is difficult
to achieve in practi ceaconmmorupghenamermd inéal consensus
decision making problems [24, 59, 77] Reaching consensus implies that DMs
should modify thei r initial opinions throughou t different discussion rounds in
order to bring them closer to the opinions of the rest of the group.
Consensus can be achieved with or without feedback. The CRPs without
feedback achieve consensus by modifying the initial assessments without
considering DMs, while CRPs with feedback involve discussions among DMs and
they should modify their initial assessment s to reach a consensus. Particularly, the
feedback process is oftenguided by a moderator, then the moderator suggests to
modif y the original assessmens far from the collective agreement according to the
identification and direction rules [54, 59] Figure 2.3 shows the general process of

consensusreaching.

o/ Compute the
consensus level

SV Y
L

Selection
process

satisfactory CL
been achieved?

The problem
arises

\

The initial
assessment is
presented by a group
of DMs

suggestions | oodback process

Figure 2.3: Consensusreaching process in group decision making

However, the feedback mechanism has some limitations [217], such as, it is
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time consuming, it will result in a huge cost consumption and even in deadlocks.

Furthermore, in GDM problems, due to the existence ofpolarized opinions, the
group consensus process is becoming more and more important and worthy of
attention. Therefore, the core problems are the assessment adjustment and the
consensus cost in CRPBased on the consideration of consensus cost, the cost of
reaching a non-strict consensus is smaller, more effective, and more feasible than
strict consensus that is time-consuming and costly. Therefore, the acceptable level
of consensus and the coordination cost of reaching a consensus are two very
important factors in GDM. Obviously, DM s will prefer a low -cost group consensus
process, and the minimum adjustment cost consensus modelto solve this problem
well .

Since the existing resources are limited, it is expected to spend the least
adjustment cost to reach a consensus. The twomost common minimum cost
consensus models used in the specialized literature to deal with linguistic

information are introduced below [9, 35].

t T Minimum Adjustment Consensus Model (MACM)

The minimum adjustment of this type of model [35] has two core points: one is
based on the distance, which aims to minimize the distance between the initial
assessmentof the DM and the adjusted assessment The second is based on the
number of assessmens that need to be adjusted, that is, to minimize the number of
changesin the process of reaching a consensus

Suppose that E :{q| k £2,...,n}is a set ofDMs, W={W, W,..., W} are the

DM s8 weights with éLWk =land Wi [0,1]. S={§ s..., g} is the linguistic
term set used for expressing the initial assessment. O:{q, 0,...s Qn} and
O0={g, 0,...,§,} are the initial preferences and adjusted preferences ofthe DMs,

respectively. Usually, 0, is a linguistic term belong to set S, §, is a 2tuple

linguistic value. According to Dong et al. [35], the minimum adjustment cost
consensus model in the group consensus process based on linguistic assessment is
as follows

ming ,,d(a.q)
jad(qK 0°)¢tek 4,2,
Tf(0°)-F(f(q) f(oz) SRACY)

where f represents the linguistic information conversion function, d(q,Qq,)

2.1)
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represents the distance betweenqg, and O, € is the given distance threshold and

Oce d, FW@ is the aggregation function used to obtain the collective preferences

of the DM s.

For GDM when the assessments are expressed, both by numerical otinguistic
information, the DM sBopinions can benot only elicited in the form of evaluation
values in utility vectors , but also in the form of preference relations [37, 54, 55] Let

R =(r),., be the preference relation matrix provided by DM & and the
preference relation rkij belong to set S, then the MACM is as follows.
mng . &,. &lf6)-f@&)
stCL? s (2.2
where r_kij represents the adjusted preference relation, CL represents the overall

consensus levelobtained, s is the CL threshold given in advance, 0¢s d.
The consensus level can be considered from the following three aspects[189]:

The consensus level on each pair of alternatives(x, Xj): CL; , where CL,

is measured by the similarity between the alternative X and X;.

The consensus level on each alternative X : CL , where
CL =34 JaCL /(n 1).
N

The overall consensus level: CL, where CL=§ in:lCL.,/n, 0¢CL d, the

closer the CL to 1, the closer the opinions between DMs
A Minimum Cost Consensus Model (MCCM )

Compared with the previous model MACM, this type of model takes into account
the cost of persuading eachDMt o change a unitdés point of wvi
adjustment cost, which was proposed by Ben-Arieh and Easton [9] and Ben-Arieh
et al. [10]. In general, the adjustment cost is the unit adjustment cost multiplied by
the adjustment distance.

Suppose that E={g|k %,2,...,n}is a set of DMs, W={W, W,..., W} is the

DM sB weights with & :=1Wk =1and W I [0,1]. The symbols involved have the

same meaning as above. The adjustment cost of adjusting a unit opinion of the DM
€ is recorded as G, the MCCM based on linguistic assessment is as follows.

ming ,_c|f(0)- f(a)
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st|f(@)- ()

where f represents the linguistic information conversion function, el [0,1] is the

te,k £2,..Im (2.3)

distance threshold, 0° is the collective opinion of the optimal adjusted opinions.

The solution of the previous model is the optimal adjusted opinion, and then
the collective opinion of the optimal adjusted opinion can be obtained. However,
there is no explanation in the collective opinion model (2 .3) of how to obtain the
collective opinion of the optimal adjusted opinions. Therefore, Zhang et al. [213]
proposed an extended version of the model (2.3) by considering the operator that
aggregatesDM s opinions as follows:

mind 6| f(@)- f(@)
Stfé‘f(ﬁk)- f(0°) ek %K2,..m
g
1 (@) =F,(f(@). f(5)..... {@,))

where f represents the linguistic informat ion conversion function, FW(® is the

(2.4)

aggregation function that obtain s the collective opinion of DMs.

The MACM and the MCCM models obtain the adjusted opinions
automatically . After achieving the consensus, the selection process is presented to
obtain an optimal alternative under agreement. Therefore, a GDM process should
including a CRP anda selection process[57, 76, 145]

2.3 Multiple at tribute group decision making

To better evaluate a decision making problem, DMs tend to perform the evaluation
process from different aspects, which is called multi -attribute group decision
making (MAGDM) . With the advancement of society and the improvement of
technology, more and more real world group decision-making problems are
actually modelled as MAGDM problems. Moving from GDM setting to MAGDM
setting introduces a great deal of new problems into the analysis, for example, the
assessment of the attribute can be provided as different forms.

According to the different expressions of information given by DMs, the
decision making can be classified from two different points of view :

According to the opinions assessment, where DMs considering multiple
attributes and give their assessment valueson each attribute on different
alternatives.
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MA GDM refers to selecting the best alternative or ranking the
possible alternatives according to several attributes from di fferent DM sd

opinions. For a MA GDM problem, let A={A, A,..., A}( n 2) be a finite
set of alternatives, C ={G, C,..., G}( m2) be a set of attributes and
E={g ¢.., ¢} g2) be a set of DMs. Let W={w, W,..., W} be the
associated weighting vector of DMs, where W 2 O(k 4,2,...,9 and
a . w =1 Let X* =(X)s,(k 4,2,...,9)be the evaluation matrix given
by DM €, . The decision problem consists of ranking the alternatives and

choosing the best one based on the evaluation matrices XX, where the
assessmens provided by DMs are presented as evaluation matricesas

follows.
attribute G attribute G --- attribute C
alternat.ive A ax X <5
alternf.sltlve A 2{;1 X'2<2 o szm 8
. e . . : 0
alternative A 8%1 X:z X:m nagm

A MAGDM process refers to different opinions provided by several
DMs. Owing to the complexity of the decision making problem,
quantitative or qualitative information are both used to representthe DMs 6
opinions on different attributes, such as, 2-tuple linguistic values [60],
hesitant fuzzy linguistic term sets [141], interval data [69], grey number
[102], real number [152], etc. Usually, multi -attribute evaluation requires
DMs to provide the relative importance o f the attribute with respect to the
overall objective of the problem [30].

According to the preference structure used to provide the assessmentg65].
As eachDM has their own ideas, attitudes, motivations and expertise, it is
common to see that the different DMs will give their preferences in a
different way. Usually, it can be presented in one of the following three
ways.

1. A preferege ordering of the alternativel this case, DM €, gives his

preferences on an alternative set A as an individual preference
ordering, O ={0(1), 0“(2),...,0 (N}, where o*(® is a permutation
function over the index set {1, 2,...,n} [23, 149] Therefore, an ordered

vector of alternatives from best to worst is given.
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2. A utility function. In this case, DM € gives his preference on the
alternative set A as a set ofn utility values, U ={u’i %,2,...,n},
where uik represents the utility evaluation given by the DM g in

terms of alternative X [160].

3. A multiplicative/addtive preference relatiorin this case,DM g, gives his
preferences on the alternative set A on the pair of alternatives. Let
R =(5)un(k 4,2,...,9)be the preference relations matrix given by
DMs g , where rijk represents the preference relation of alternative X
in terms of X;. The decision problem is how to rank the alternatives

and choose the best one based on the preference relations matriceR",
where the preference relations provided by DMs are presented as
preference relations matricesas follows.

. - .
alternative A ark rf ry 8

H k k k
fellternatlveé 2%1 22 - fa
: & L 0

. kK ok k O
alternative A g?nl Fz = Ton &

Preference relations are frequently-used structures t o r ef | ect DMs 0

opinions by pairwise comparisons of alternatives. Many kinds of
preference relations have been proposed, including fuzzy preference
relations [55], intuitionistic fuzzy preference relations [158], hesitant fuzzy
preference relations [222], linguistic preference relations [57] and hesitant
fuzzy linguistic preference relations (HFL PRs) [168]. For MAGDM
problems based on the expression form of preference relations, the
consistency checking is the first priority before the selection process.

Despite there are different kinds of MAGDM problems, they share the
following common features [68]:

Multiple attributes: each problem has multiple attributes, which can be
evaluated by DM s;

Assessment valuesithey are provided by DMs, which could be presented
as various expressions and be expressed either as utility vectors or
preference relations;
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Incommensurable units: attributes may have different units of
measurement;

Selection: an alternative or subset of alternatives is obtained as the
solution to the problem .

2.4 Multiple attribute g roup decision making
under uncertainty

Most of real-world GDM problems are defined under uncertain contexts, this is
particularly interesting for MA GDM problems in which fuzzy information
expressions have been commonly used for modelling preferences. Therefore, this
subsection introduces a basic knowledge about GDM under uncertainty and
afterwards the methods for dealing with MAGDM problems under uncertainty are
presented.

Owing to the fact that in real-world it is often hard to describe something
precisely or completely, uncertainty is very common in reality. The uncertainties in
decision problems mainly come from three different aspects, including the
uncertainty of assessment value, the uncertainty of weights informati on and the
uncertainty of reliability of assessment.

The uncertainty of assessment vald@ important phenomenon is that most
of decision-making processes are dealing with uncertain and imprecise
data. If the vagueness of the mankind process of decision making is
ignored, the outcomes could be misleading. Fuzzy set theory [226] can
model ambiguity and vagueness additionally, it provides fo rmalized tools
that deal with the imprecision of many problems.

The uncertainty of weights informationThe weights information for

MAGDM problems refer to the DM weights information and the attribute

weights information. The increasing complexity of the d ecision
circumstances makes it hard for DM s to provide the attribute weights or

the appropriate DM weights in advance. The weights information just
basedon the DMs 8 knowl edge and uswlyaehoudh,i ti es
many factors should be considered when determine the weights
information, such as the similarity of preferences among DMs [78], the
incompatibility of attributes [25], the credibility of th e evaluations [135],

etc.
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The uncertainty ofreliability of assessmenDue to the complex decision
situations and incomplete information that appears in them, DMs tend to
trust in the reliability on the original assessment [225], which are often
provided as linguistic information given by DMs in advance [224].
However, after the CRP, the original assessmens have been usually
changed if the desired consensus level has not been achieved. In this
situation, the reliability of the adjusted assessment is less than the
reliability of the original assessment. Hence, the adjusted assessment
implies a greater uncertainty, which is worth to be studied and measured.

Since the process ofMA GDM involves human intervention, uncertainty and
vagueness are implicit factors. According to different decision environments in
which the decision problem is carried out, it can be classified into three types [84]:
MAGDM under certain environment [94, 131] MAGDM under risk environment [2,
109, 137, 1824and MAGDM under uncertainty environment [28, 40, 90]

Uncertainty includes randomness, fuzziness, random fuzzy mixing, interval,
etc. Uncertain theory is the foundation and tools for studying uncertainty. The
existing uncertain theories can be roughly divided into the following categories:
random mathematical methods [26], interval mathematical methods [123], fuzzy
mathematical methods [79], rough set theory [130], grey system theay [74], etc.
MAGDM under uncertainy is the main topic discussed in this research memory,
common methods for dealing with MAGDM under uncertainty are

1. Random mathematical metho@andom mathematical method is one of the
earliest methods to deal with uncertainty in real life. It uses probability
theory, mathematical statistics, random process and other models and
methods in mathematical research to operate on data that follows a
probability distribution.

2. Interval mathematical methodAccurate values sometimes cannot fully
summarize certain data characteristics. Therefore, some scholars use
interval numbers to describe certain uncertainties. A variable is
represented by an interval number, and the variable can take any value
within the value interval [148]. In most cases, the value of a variable
satisfies a certain probability distribution in the interval [183]. Probability
distributions c ommonly used could be uniform distributions that include

uniform distribution and normal distribution.
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3. Fuzzy mathematical methott was developed on the basis of the fuzzy set

theory introduced and developed by Prof. Zadeh [205]. According to the

ambiguity of the type of set division and the extension of the boundary of

the set, Zadeh uses fuzzy sets to expand the classic set. The ambiguitand

uncertainty of data are described using the membership function. Fuzzy

mathematics method has become one of the most effective methods to

deal with uncertain information .

In real life, we will encounter some difficulties in choices inevitably, such as

choosing a career, buying a property, choosing a partner, choosing a university, etc.

Most of these choices are decision makingsituations under uncertainty in which

multiple attributes describe the different actions of the problem . MAGDM under

uncertainty include s five factors [82]: DM s, attribute s set, alternatives set, attributes

weight and decision making method. The general solving process is shown as

Figure 2.4 as follows.
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Figure 2.4: The general scheme ofMAGDM under uncertainty

Besides, DMs can only predict the possible nature states of eachalternative

and their corresponding profit and loss values. Du e to the lack of decision making

information and experience, the probability of each natural state is unknown,

therefore the attitude of DMs towards risk should be considered. There are five

types of criteri a to deal with the decision making problems under uncertainty [66]:

1. Maximum maximum criterion . Making decisions based on the best objective

state, then find out the optimal alternative with the best expected effect. This

criterion is actually based on the most optimistic estimation of alternative
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chosen, which is also the riskiest criterion. Maximum minimum criterion
Looking for the best expected effect alternative based on the worst objective
state. The criterion is based on the nost pessimistic estimation, thus the
criterion is the most conservative criterion.

Minimum maximum regret value criterion. Assume that any action taken is a
state with the largest regret value, then find the optimal alternative with the
smallest regret value. This criterion is based on the worst objective state, which
is similar to the maximum and minimum criterion.

Equal probability criterion. Assuming that the probability of the occurrence of
each natural state is the same, then use a simple arithmetic agrage method to
calculate the average return of each alternative in various natural states, and

find the optimal alternative with the largest average return.

Hurwice criterion. This is a kind between the maximum maximum criterion
and the maximum minimum cr iterion. When applying this criterion, we must
first determine an optimism coefficient indicating the optimism of the DM,
then calculate the weighted average of the maximum and minimum benefits of
each alternative.

Minimize regret criterion: This decision model focuses on the difference
between the optimal reward and the actual reward received. It determines the
maximum regret for each alternative, and selects the alternative with the
minimum value.

Under the uncertaintyenvironment, the informatio n about the problem is vague

and imprecise, and can bemodelled by fuzzy information. In this situation we talk

about decision making problems in a fuzzy context or fuzzy decision making [96].

For MAGDM in which preferences are elicited as linguistic assessments, the

classical mathematics cannot handle such uncertainty, then fuzzy linguistic

approach has been successfully applied but, there are still situations that cannot be

properly managed [206]. Especially for TD2L information, there are few literatures

study on the CRP based on TD2L information and the analysis of the reliability of

assessmentfor TD2L information is neglected . Therefore, the further studies on

TD2L representation and computation model are necessary for MA GDM under

uncertainty.
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In this memory, the MA GDM problems are studied based on TD2L information ,
which are MA GDM under uncertainty, the assessment and the reliability of the
assessment are both expressetby linguistic information. Different extensions of the 2-
tuple linguistic model and TD2L model will be proposed to overcome the difficulties
and challenges pointed out in Section 1.1

2.5 Multiple attribute g roup decision making
based on linguistic information: State of art and
limitations

In this section, fuzzy linguistic approach and its use to model the uncertainty in
MA GDM problems are briefly revised, besidesthe limitations in current MA GDM
approaches dealing with linguistic information are then pointed out to highlight

the importance and necessity of our proposals.

2.5.1 Fuzzy linguistic approach

The fuzzy linguistic approach models the uncertainty by linguistic variables
using words or sentences [206]. Most DM s cannot give exact numerical values to
express their opinions, more appropriately , measurements are stated as linguistic
assessments rather than numerical values. Linguistic MAGDM problem s have
provided very good results in many field s and applications [27, 117, 129, 188]The
use of linguistic information implies computing with words  (CWW) processes[209].
There are different linguistic models for accomplishing such computing processes,
one of the most widely-used is the 2tuple linguistic model [60]. The 2tuple
linguistic model was inspired by the symbolic models used in decision making. It s
main application field has been decision analysis and decision making. 2tuple
linguistic model has been widely used as basis for different models. For example,
multi -attribute decision making based on 2tuple linguistic model [134, 170, 175]
consensus reaching process based on -uple linguistic model [37, 218] 2-tuple
linguistic aggregation operators [169, 171, 174]etc.

Suppose that S={§, §..., §} is a pre-defined linguistic term set, and the
cardinality of Sis g+1. For any §, S [ S, the following properties should satisfy
[62, 64}

(1) The setis ordered : ifi > j, then § > §;
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(2) Maximum operator: if § > §, then max@ ,§ )= §;

(3) Minimum operator: if § > S, then min(s, S )= S;
(4) Negation operator: neq( $) = S,

In general, the cardinality of a linguistic term set S is odd number, more than
5and less than 9. An example ofa linguistic term set S could be:

S={g =very poor,s =popr,s =mnedium s =gpod s wery §
In order to obtain more accurate results in CWW processes, Herrera and
Martinez proposed the 2tuple linguistic model (S,&@), where § is a linguistic
label involved in the set S and a is a numerical value representing the symbolic

translation from §.

Definition  1[60] Let S={§, §..., §} be a linguistic term set and S the 2-tuple set

associated with S defined as S= S { 0:5,0.5). The 2tuple linguistic value (S,a)

is equivalent to & through the function D as follows.

D:[0,g] - S 0:5,0.5) (2.5)
D(b) s, 3, witr{z ’:iz [;‘:“’”dé?o__& 05) (2.6)

where round((® is the usual round operation that assigns to & the closet integer
number il {0,1,....g} to b.

Definiion 2 [60] Let S={§, $..., s} be alinguistic term set and (5,a)[ Sbea 2
tuple linguistic value. &1 [0,q] is equivalent to (§,a) through the function D!
as follows.
D':Sq 05,05 {0,9] (2.7)
D'(s,a) =a # = (2.8)
Remark 1 For any two 2-tuple linguistic values (S,a,) and (Sj ,a; ), the relations
to compare them can be given as follows.
(L) Ifi>]j,then (s,a)>(s, 3);
() Ifi=j,then(a)(s.a)>(s, @) for g, > g;
(b) (s,a)<(s, @) for a, < g;
) (s,a)=(s, q)fora = g.
The 2-tuple linguistic values can represent the assessments in MA GDM.
However, the real decision making problems may be more complex and uncertain,

and it could happen that DMs have to provide not only their evaluations on

alternatives, but also elicit the self assessments on the given evaluation results.in
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this situation, another dimension information is needed to present selfconfidence
or subjective evaluation on reliability of the given assessments, which is usually
expressed as linguistic information. Thus, Zhu et al. [225] first proposed 2-
dimension linguistic information as follows.

Definition 3 [225] Let S={§, §..., § and S={% §..., 'S be two linguistic label
sets, where g+1 and h+1 are the cardinality of the sets S and S, respectively.

Then a two-dimension linguistic expression is denoted as (s,,§), where I S

represents the evaluation about the alternative given by the DM, S,i S represents

the self-assessmentof DM.

Inspired by the 2-tuple linguistic model [60], Zhu et al. [223] extended the two-
dimension linguistic expression to two -dimension 2-tuple linguistic label. It can be
seen as an extension ofthe 2-tuple linguistic model from one dimension to two
dimensions.

Definition 4 [223]Let S={§, $..., §t and S={§, ..., ' be two linguistic term
sets. Leta, d [ 0.5,0.5)be two numerical values. Then EZ((g,a),('§, a)is a
TD2L expression, where si S, §1 S, (s,a) represents the assessment
information about the alternative gi ven by DMs, (S§,,a) represents the self
assessment of the DM on reliability of the given assessment result.
Remark 2 If a= a9, then &= ((s,a),(s, @) is simplified as §:(§,'§),
which is exactly the TD2L expression proposed by Zhu et al. [225].

Let S={$, §... s+ and S={% §..,’st be two linguistic term sets,
bi [0, g] be a numerical value representing the aggregation result of the indexes
of the linguistic labels in S, and A1 [0,h] be the numerical value representing the

aggregation result of the indexes of the linguistic labels in S. According to
Definition 2, there exist two functions D, and D, such that

D:[0,0] - S 050546 - (5 9 (2.9
D,:[0,h] - ST 0:505),6 - (5 ) (2.10)
where @ =round( , a=round( §, a= bu, 4= b~, a,d [0.50.5),
round(Q is the usual round operation.
Definition ~ 5[223] Let S={g, §..., §} and S={%§ §..., '$ be two linguistic term
sets. Leta, d [ 0.5,0.5) be two numerical values, b and b be two numerical

values representing the aggregation result of the indexes of the linguistic labels in

S and S, respectively. The function D, used to obtain a TD2L, is equivalent to a
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binary numer ical array (b, #,and itis defined as

D:[0,g] 30,H] «S [30.5,0.5),S [ 0.5,0.5) (2.11)

(b, §- D( b)) B D) HD)) Hs. ).(54)) (212

Definition 6 [223]Let S={§, §..., g and S={% §..., '$ be two linguistic label
sets. Leta, d [ 0.5,0.5 be two numerical values, there is a function D'*, that
maps a TD2L to its equivalent binary numerical number (b, b, which is defined
as follows.
D*:(Sq 0.5,0.5),S [30.5,0.5) [0g] [OA (2.13)
DY(5.a) (5. @) X s, B s W (5 &) 4,3 (219

Remark 3 The general two dimension linguistic label can be represented by two
dimension 2-tuple linguistic expression by adding 0 in each linguistic label, that is

(8,%)=((5,0).(s.0)

The linguistic term set [60], 2-tuple linguistic representation model [60], and
TD2L approach [223] are introduced because they are the main assessment
expression way throughout the study.

2.5.2 Multiple attribute g roup decision making dealing
with linguistic assessment s

MAGDM problems coping with linguistic information are quite common, because
of the advantage of expressing preferences aslinguistic information. Through a
plenty collection of literature, reading and a comprehensive review, the following
main topics related to MA GDM based on linguistic assessment have been
discussed in current MA GDM studies.
Using Web of Science Core Collection and Science Citation Index Expanded
(SCIE) & ci al Sciences Citation I ndex (SSCIlI) dat a
omultiple attribute gr oup deci si on makingdé as the title
2005 to September 2021, all the publication results of each year are shown in Figure
25.
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Figure 2.5: Publications of each year onMA GDM based on linguistic assessmert

It can be seen clearly that the related studies onMA GDM represents increasing

tendency in recent years, and has become one of the active research topics in
MA GDM. As the mainstream field in the research of MA GDM methods, the

existing research has achieved relatively fruitful results.

Face to multiple alternatives, the joint participation of group DMs is required

to evaluate the attribute values under different alternatives. The evaluation

presented as linguistic information is a common phenomenon. The solution to such

problems is divided into at least two processes: the acquisition of decision making

data and the ranking of alternatives .

The acquisition of decision data also includes the acqusition of attribute

evaluation values and the acquisition of weights information. Attribute values are

the evaluation values directly given by the DMs in the initial stage. In view of

different decision making needs and decision making situations, DMs hav e their

own preferences when giving linguistic evaluation values. According to the

different manifestations of linguistic information provided by DMs, MAGDM

based onfuzzy linguistic assessmentis divided into the following main categories :

Multi -attribute group decision making based on linguistic ~ terms.

Due to the fact that linguistic expression is the standard representation of
the concepts used by humans for communication and owing to simply the
MAGDM with linguistic information, some certain linguistic terms belong
to a set given in advance, thenDM s will choose one linguistic term from

the certain set to express their preferences. Commonly
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State of art andilmsta

MAGDM problems based on linguistic information ass ess the attributes
by linguistic terms [67].

Multi -attribute group decision making based on linguistic 2-tuple
model.

Some authors pointed out that the use of single linguistic terms is not
enough to represent the linguistic information because during the CWW
processes there is loss of precision[142]. Hence the linguistic 2-tuple
model includes a parameter to improve the accuracy of the linguistic
computations and the interpretability of the results [60]. The 2tuple
linguistic information is able to represent the linguistic results that do not

match with the i nitial terms of the linguistic term set.

Multi -attribute group decision making based on  hesitant fuzzy
linguistic term sets.

When DMs hesitate among different linguistic terms to elicit their
opinions, the use of just one linguistic term is not enough to represent
such opinions. In these situations, DMs can provide their opinions by
using comparative linguistic expressions which are based on hesitant

fuzzy linguistic term sets [141].

Multi -attribute group decision making based on interval linguistic
information.

When DMs cannot give specific linguistic evaluation information, but the
evaluation value is given in the form of interval linguistic form or the
weight information cannot be completely determined, it is necessary to
carry out research on multi-attribute group decision -making methods for

such uncertain linguistic information .

Multi -attribute group decision making based on linguistic  distribution
evaluation information .

When faced with group DMs expressing their opinions alone and
unwilling to present them in the collective form, they often choose the
expression form of linguistic distribution evaluation information, which
can not only present the linguistic term for evaluation, but also reflect the

probability information of the evaluation value
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The previous review shows that various studies have examined the
characteristic of MAGDM based on linguistic assessment from different
perspectives, and have achieved successful results, which has made a significant
contribution to the development of MA GDM. However, based on this review, there
are still some unresolved problems in the current research, and there are also some
limitations. For sake of clarity, the following subsections describe such restrictions
in further detail.

2.5.3 Limitations in current multiple attribute group
decision making based on linguistic assessment

As mentioned before, the current MA GDM research based on linguistic assessment
has some limitations, as listed below:

1. It was previously mentioned that in MAGDM problems could be necessary
CRPs for smoothing out conflicts. In such situations, the reliability of the
adjusted linguistic preferences after the CRP has not been either studied or
evaluated. The reliability of the initial linguistic preferences given by DMs
presented as a second term in theTD2L information as a whole [32, 185, 186]s
clear because representDMs 6 p r e f Howeavar, caftes the CRP, the initial
linguistic preferences may be changed[159, 214] In this situation, the adjusted
linguistic preferences are not so reliable, because some automatic adjustments
either might not represent or mi ght not be accepted by the DM s [45, 92, 136]
thus the study of reliability is necessary for automatic CRP to assure the

adjusted linguistic preferences are reliable.

2. Interms of the aggregation of the TD2L labels, the correlation between the two
dimensions information has not been considered yet. Existing approaches for
dealing with the TD2L labels have considered the two dimensions as
independent information without taking into account that the uncertainty of
the assessment is related to the reliability degree. Besides, previous studies
provided more importance to the assessment than the reliability degree but
failed to consider the relative importance degree of the two dimensions [202,
220, 223] The general aggregation operators of TD2L labels  not reflect the

reliability degree of the overall assessment, which may lead to the distortion of
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information .

3. For automatic CRP during decision making process, the minimum of the
adjustment and the minimum of the consensus cost are also considered during
CRP [22, 100, 181, 212]However, how to make sure the number of the DMs
keeping the original assessmentas much as possibleis an important problem,
especially for large scaleMA GDM. Besides, face to large scale number of DMs,
the suitable way for clustering is the key for better obtain ing the collective
opinion of the DMs and searching for the deviant opinions. The existing
clustering methods [80, 165, 192]Jare mostly the expansion of fuzzy c-means
[11]. These methods usually need to preset several subjective clustering
coefficients, which may reduce the objectiveness of the clustering results.

In view of the previous limitations, this research memory will conduct in -
depth research on these limitations and related topics to fill these gaps and enrich
the theoretical basis and methods of current MA GDM based on linguistic

assessment.

2.6 Methods and models

In this subsection, different methods and models used across this research memory
are briefly revised, including linear programming, probability theory , stochastic
approach and soon. All of them are relevant for the different proposals that will be

developed in this research to achieve ourgoals.

2.6.1 Linear programming

Linear programming is an important branch of operations research that has been
studied, developed rapidly and widely used in economic activities such aswater
supply system development [154], production scheduling [12], social networks [47],
nurse rostering problem [157] and so on. It is an indispensable requirement for
GDM, and improving economic effects generally taking two ways [44]:

1. The improvement in technology, such as improving the production process,
using new equipment and new raw materials.

2. The improvement of production organization and plan, that is, reasonable

arrangement of human and material resources.
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Generally, the linear programming consists of three elements: variables,
objective function and constraints. The problem of finding the maximum or
minimum value of a linear objective function under | inear constraints is collectively
called a linear programming problem. Decision variables, constraints, and objective
functions are the three elements of linear programming .

In the process of GDM based on linguistic assessment, inear programming is a
common method. Specific applications are reflected in the following aspects.

Computing weights information. For MAGDM, the weights can be associated

to DMs or attribute and they could be provided in advance or unknown . If the

weights information is not given i n advance, the objective method is needed to

obtain the weights information. To construct an optimal model is a common

way for obtaining the weights information [7, 29, 203] The objective function is

usually the minimum of the distance among th
of each alternative from the best or worst alternative.

Obtaining the adjusted opinions during CRP.
assessment is the prerequisite of further decision making. The adjustment of

initial opinions is inevitable if the consensus level is not satisfied. The

acquisition of the adjusted opinions is often through the build ing of a linear

programming model [72, 93, 184, 216]The objective function is usually the

minimum adjustment between the original and adjusted opinions or minimum

adjustment cost from the original opinion to the adjusted opinion.

2.6.2 Stochastic Approach

Probability theory [39], as the basis of the stochastic approach, is a branch of
mathematics that studies the quantitative laws of random phenomena. Since
probability t heory involves extensive knowledge, here we only introduce the
common knowledge often used in MAGDM. According to the category of the

stochastic variable, the attribute value could be divided into th ree parts as:

1) Attribute value is discrete [190, 201] It is the general distribution of
attribute values. Usually, DM gives the assessment of the attribute in
advance, then the attribute value is the possible value with possibility

value equal to 1.
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2) Attribute value is continuous [86]. Usually, the value range will be given
in advance. In this situation, the attribute value is presented with
probability density function. For the uncertain attribute value, its value is
usually views as a stochastic variable that belong to normal distribution or
uniform distribution .

Normal stochastic variabl e
Suppose that the probability density function of continuous
C(x-u)?

e 2° | where /i and s?2

stochastic variable X is f(X)=

1
Jo2p &
represent the expectation and variance of X , then X is normal
stochastic variable, denoted as X ~ N(/m7 §). If Y =aX + with

X ~N(m £), a,b are real numbers and a, 0, according to the

knowledge of probability theo ry and mathematical statistics, Y is still
a normal stochastic variable, its probability density functionis a s
Ly- (am 4)°

2as Y (2.15

oY) =———e
alsv2 p
where Y ~ N(am#+ h(a9?)
Suppose that X, X,,..., X, are n mutually independent normal
random variables, denoted as X, ~ N(/m, §) . If these stochastic
variables are linearly added, which is Z=¢X X, -+ G+X,

where C,C,,...,G, are real numbers that exist at least oneC , 0, then

according to the knowledge of probability theory and mathematical
statistics [39], Z is still a normal stochastic variable, its probability
density function is as

_(x-©)?

e (2.16)

1
h(2) =
NJ2dp
Where c= é. in:]_qm’ d = a in:]_qzsiz’ Z - N(é. in:]_qm’ anié '§)

Generally, the larger the expectation /7 and the smaller the

variance S° of a normal stochastic variable X , the greater the X . If

§%=0, then X is a real number /7. The comparison rules between
any two normal stochastic variables X,~ N(/m, §) and

X, ~ N(m, §) are as[39]:
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ay If m>p and s’<& , then X >X, ;
by If ;= gand s?< &,then X, > X,;
c) If m> pgand s?= &, then X, > X,.

Uniform stochastic variabl e
Suppose that the probability density function of continuous

stochastic variable X is f(x)=bi,a <X b and f(x)=0,else,

where a and b are the boundary values of X, then X is a uniform
stochastic variable, denoted as X ~U(&a b).

3) Attribute value is non -discrete discontinuous [153]. DM can only make
sure the atribute value under certain circumstances, however, in some
cases, the attribute value is uncertain [49, 101, 195] In this situation, the
attribute values are the combination of continuous and discrete
distribution, then they could be analyzed based on the above two cases.

Stochastic perspective is a common way to deal with uncertainty [41, 89, 91]
When the attribute values are not deterministic, the process of arriving at the
weights of objects becomes more complicated[139]. As Honert [166] pointed out
that the attributes can be interpreted as stochastic when it is required to deal with a
number of values for the same assessment.Thus, stochastic approach can be
defined as an approach to handle uncertainty that defines probability distribution
for each input value or parameter in the MAGDM process [125]. For example,
Tervonen et al. [161] proposed a stochastic method based on stochastic
multicritieria acceptability analysis for assessing the stability of the parameters in
sorting problems. Celik et al. [15] gave a comprehensive review on stochasic
MAGDM applications and approaches. Therefore, the stochastic approach is very
useful for the condition when a MAGDM is based on the stochastic initial
informatio n.
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Chapter 3

Research Results

This chapter provides a summary of the main proposals developed in this research
memory. Research findings and results will be discussed for each proposal in short.
There arethree proposals which are related with the different objectives presented
in the Introduction chapter:

A new representation and computation model of TD2L from
stochastic perspective

The measurement of the reliability of the adjusted preferences
modeled by TD2L information.

A CRP with minimum adjustment in GDM considering the tolerance
of DMs for changing their opinions

3.1 A stochastic perspective on a MAGDM method
based on TD2L inform  ation

In order to achieve the first objective pointed out in Section 1.2, we highlight the
operation rules between TD2L labels from the stochastic perspective, and then
analyze the limitations in current computation model of TD2L. Afterwards, a

MAGDM method with the TD2Ls assessment from the stochastic perspective is

proposed and tested on a real life decision making problem.
39
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3.1.1 A new representation and computation model of
TD2L

As mentioned previously, TD2L label represents the assessment given byDMs
with the reliability of the assessment presented at the same time. However, the
reliability degree is a subjective evaluation on reliability of the given assessments
and variables due to the limitations in cognitions and the complexity of decision
objects. All assessments without total reliability degree are viewed as uncertain
ones. Besides, the existig computation model of TD2L considers the two
dimensions information as dependent information, in fact, the two dimensions are
related to each other, thus the relations should be considered in the process of
information transformation .

To address such limitations about the representation and computation of TD2L
labels, we have introduced a new proposal that aims to develop a new
representation and computation model from a stochastic perspective, and then to
propose the new rules for comparison and similarit y measure for TD2L labels
associated with the relative importance of the two dimensions linguistic
information.

3.1.2 MAGDM method based on the new TD2L
representation model

This new MAGDM method is mainly based on the new aggregation function of
TD2L labels, the new MAGDM method based on the proposed TD2L computation
model is then developed accordingly, all of the contributions are enumerated and
briefly explained below:

1. This proposal aims at developing a corresponding rule from TD2L label to
a stochastic variable and its inverse. Hence, the comparison and similarity
measurement between two TD2L labels have been defined with the
consideration of the relative importance degree of the two dimensions of
information.

2. To deal with the uncertainty of the initial assessment, another dimension
linguistic information is added to ensure the reliability of the initial

assessment. To further deal with the TD2L information, a TD2L label is
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viewed as a stochastic variable with corresponding expectation and
variance.

3. To reflect the reliability of the overall assessments accurately, a new
aggregation function of TD2L labels is developed. If all DMs provide the
same assessmenabout the object, thenthe aggregation result obtained by
a general aggregation operator is the same with the assessment provided
by all DMs, however, the reliability degree is improved by a new
aggregation function of TD2Ls, which is more reasonable and
interpretable in real life MAGDM.

In addition, for carrying out fair comparisons wit h other studies, we have
described an experimental process on a realworld decision making problem about
a business angels (BAs) group with rich entrepreneurial experience which desires
to seled a suitable investment project from four small unlisted targe t companies.

The article associated to this proposal is the following one:

Z. L. Wang, Y. M. Wang, L. Martiez . A stochastic perspective on a group
decision making method based on two-dimension 2-tuple linguistic information.
International Journal of Fuzzy Systems 2022, https://doi.org/10.1007/s40815 -021-
011993.

3.2 A GDM method based on two -stage MACM
with the TD2L labels for reliability measure

After apply ing a minimum cost CRP, the DMs @ adj ust eale usupglly ni ons
different from the original ones. In spite of the original ones were initially reliable,

the reliability of the adjusted opinions cannot be guaranteed. Obviously, the

reliability of the adjusted opinions is important during the decision process,

adjusted opinions with high consensus level but low reliability would be
meaningless. Therefore, the adjusted opinions and its reliability should be
considered during the GDM solving process. Nevertheless, it has been neglected so

far when DMs &autonmiically modified with out DMs & 8upervisio
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3.2.1 Analysis on the features of MACM and related
limitations in current studies

According to the taxonomy presented in [88], CRPs can be classified according to
their feedback process into two types: Consensus with feedback and without
feedback. Obviously, consensus with feedback improves the level of agreement
among DMs, which also leads to increase the reliability on adjusted opinions.
However, for some decision making problems, like emergency decision making [33,
191, 194] it is necessary ahigh-quality decision making within the limited time,
and it is not convenient to wait for the adjusted opinions af ter several rounds
feedback, because time is crucial to be effective and successful. To balance the
increased reliability of consensus with feedback and the low cost of consensus
without feedback, we try to develop an automatic CRP with minimum adjustment
considering the reliability of the adjusted opinions. The main results of the analysis
and some related outcomes obtained are briefly enumerated:

1. The use of the existing MACMs leadst o agreed opinions, by
original ones, very quickly. However, the reliability of the adjusted opinions
obtained by these models is not guaranteed, which reduces the reliability of the
decision solution. Therefore, an objective detection approach on reliability of
adjusted opinions is necessary for GDM.

2. Regarding the adjustment cost, the more

higher the cost of the adjustment. Therefore, the number of the adjusted
opinions should be considered. Especially for large scale GDM problems, if too
many DMs need to change their initial opinions, then the CRP would be with
low execution. A two -stage MACM is proposed, which not only considers the
minimum adjustment, but also minimizes the number of adjusted preferences.
It includes the following two stages:

Stage one: To maximize the improvement of consensus levelfor each pair of

alternatives within the minimum adjustment .

Stage two: To obtain the adjusted preferences with a certain consensus levelat

the first stage within the minimum adjustment .

3. The relations between the total preference adjustment and the reliability of the

mo d i

DMs 6
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adjusted preferences are discussed. Not only the adjustment distance and the
number of the adjusted opinions are considered, but also the reliability of the
adjusted opinions is derived from the measure of the distance between the

original and adjusted opinions .

3.2.2 A large scale GDM method considering the two -
stage MACM with the TD2L labels for reliability
measure

As previously mentioned , the decision method for dealing with large number of
DMs and the reliability measure of the adjusted opinions after CRP are challenges
for large scale GDM, aiming at improve the existing methods, we have proposed a
new large scale GDM method that deals wit h a large number of DMs and a
reliability measure of the adjusted opinions after CRP during the decision making
process. At the same time, our proposal presents the alternatives ranking with
reliability, which illustrate s the reliability of one alternative is better or worse than
another alternative. The initial assessments provided by DMs are linguistic terms,
2-tuple linguistic information will appear during calculation, while the final
decision result is made based on TD2L information. In the process of linguistic
transformation from lingui stic term to TD2L information, a large scale GDM
method based on a two-stage MACM plays a key role. This proposed method has

the following novelties.

1. A new support degree (SD)-based clustering method is proposed to classify the

large number of DMs into sev eral subgroups for large scale GDM.

2. A novel two -stage minimum adjustment consensus model which is an

automatic model is proposed.

3. The relations between the adjustment and the reliability of the adjusted
preferences are used to obtain a final reliable solution by using TD2L

information .

4. A new selection rule for choosing the best alternative is defined, the new
selection rule not only considers the optimal alternative but also considers the
reliability of the optimal alternative better than other alternatives .
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To highlight the performance, feasibility and validity of our proposal, we have

conducted several comparisons with the classical existing methods that are carried
out from diffe rent perspective.

The contribution associated to this proposal is the following one:

Zelin Wang, Rosa M. Rodduez, Ying -Ming Wang, Luis Martiez. A two -stage
minimum adjustment consensus model for large scale decision making based on
reliability modeled by two -dimension 2-tuple linguistic informati on. Computers &
Industrial Engineering, 2021, 151(3): 106973

3.3 A CRP with MACM in GDM considering the
tolerance of DMs for changing their opinions

During our research related to CRP with MACM, it was detected that there are
several issues that have not been successfully addresseget, such as the following

ones:

1. Classically many CRPs consider that the minimum distance between original
preferences and the adjusted preferences is the key ru¢ for achieving the
agreement, but in classical MACM the number of adjusted preferences should
be also considered. Zhang et al.[211] proposed a MACM with these two
consensus rules, however, they are separately used in the consensus
mechanism, which complicates the consensus process.

2. Toreach an agreement among DMs, there will be a lot of consensus rules, like,
minimize adjustment between the orig inal and adjusted opinions, minimize
the number of the original opinions need to be changed, maximize the number
of DMs that could stay their original opinions, etc. However, how to balance
these consensus rules is also an important factor, which will influence the

decision results of GDM.

3. There must be exist an upper and lower limit that DMs could accept or reject
the adjusted opinions during the CRP. If the tolerance of DMs for changing
their opinions is neglected, then the feedback mechanism is needed, which is
contradict with the automatic CRP. Therefore, the tolerance of DMs for

changing their opinions is necessary for CRP in GDM.
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In order to address previous issues, a new consensus model based on the
consideration of tolerance degree of DMs, and two consensusrules are considered:
() minimum distance between the original and adjusted preferences, and (ii)
minimum number of adjusted preferences. Furthermore, the reliability degree
detection of adjusted preference is presented. Therefore, the third objective
mentioned in Section 1.2 can be reached.

3.3.1 Dealing with the tolerance of DMs on the adjusted
opinions

The proposed CRP considers thefollowing two consensus rules: (1) minimize the
distance between the original and adjusted preferences. (2) minimize the number of
adjusted preferences.In order to balance thesetwo consensus rules, a DM tolerance
degree that defines how much is willing the DM to change his original opi nion will
play an important role, which means DMs only accept the adjusted preferences
within tolerance interval .

The adjustment for DMsO0 thpovedl eonsensuséegel i s neces
is less than the consensus thresbld. Hence, DMs 8 t ol erance degree is p
the maximum change that DM willing to accept for the adjusted preferences which
need to be considered. The adjusted preferencesto be accepted must satisfy the
normalized distance between the original and the adjusted preferences less than
the tolerance degreeof DMs. The tolerance degree ranges from0 to 1.

If DM does not accept anychange of the original preferences,then he/she is a
stubborn DM, which means the tolerance degree is 0lf tolerance degree is 1 then
DM could accept any change of the original preferences, where he/she is a
benevolent DM.

In fact, the consideration of tolerance degree of DMs is a strict view for
mini mizing the number of the adjusted preferences. If the minimum number of
adjusted preferences is the only condition to be considered, then the distance
between the original and adjusted preferences may out of the tolerance interval of
DMs. In such situation, the minimum number of adjusted preferences is
meaningless.

Thus, it is important to consider both DMsd&tolerance degree of DMs and the
minimum number of adjusted preferences. To simplify the CRP, a consensus

mechanism with priority adjustment rule is designed, then a linear programming
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model with the minimum number of adjusted preferences is developed.

332 A CRP in GDM based on the reliability
measurement considering the tolerance of DMs

It has been already pointed out the lack of considering of the tolerance of DMs for
changing their opinions will lead to the unreliability of the adjusted opinions

during CRP. For better understanding, Algorithm ¢ is designed to obtain the

optimal adjusted preference with minimum number of adjusted preferences
considering the tolerance interval of DMs.

Algorithm N

Input: The preference matrix provided by DM s, the tolerance degree of DMs the
consensusthreshed.

Output : The final adjusted preference.

Step 1: Check the overall CL of DMsdpreferences based onthree consensus levels
as described in Section2.4.2 if whole CL is larger than or equal to the consensus
threshed, then the CRP is done otherwise continue to the next step.

Step 2: Set up consensus model with the first round , if it can be solved by software
LINGO 11 and obtain the optimal preference relations. Then the output preferences
are as the adjusted preference relations. If the model is unsolved, then go to the
next step.

Step 3: Set up consensus model with second round and repeat the process as
described in Step 2, ifit can be solved, then output the adjusted preferencesas the
obtained results. If the model is unsolved, then repeat the above steps until the
consensusmodel can be solved.

After using the Algorithm N, the adjusted opinions are derived, however, the
reliability of the adjusted opinions are not guaranteed. Here we give a reliability
model to compute the reliability degree of the adjusted preferences based on the
proposed consensus model, wherethe reliability degree comes from the concept of
stability degree of the original preferences. In this subsection, we introduce a
concept: stability degree of original preferences. Then, a comparison measure for
TD2L is provided in order to facilitate the selection of the best alternative of the
GDM problem .

The reliability degree of the adjusted preferences derives from the stability
degree of original preferences, which describes the similarity between the original

and adjusted preferences after CRP The more similar the original preference to
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adjusted preference is, the higher the stability degree of adjusted preferences is
The larger the value of stability degree is, the more stable the original preferenceis,

then the reliability degree of adjusted preference is more likely higher .

With the introduction of the new consensus model and the description of the
relations between the reliability of the adjusted prefere nces and the adjustment,the
steps to execute the decision making process are as follows.

Step 1: To useAlgorithm N to obtain the optimal adjusted opinions.
Step 2: To compute the reliability of the adjusted preferences.
Step 3: To obtain the final assessment information expressed as TD2L labels.
Step 4: To compare the TD2L labels, then obtain the alternative ranking.
Finally, an illustrative example is shown to certificate the effectiveness of the
proposed method.

The contribution associated to this proposal is the following one:

Z. L. Wang, R. M. Rodduez, Y. M. Wang, L. Martiez. A Consensus Reaching
Process with Minimum Adjustment in Group Decision Making with Two-
dimensional 2-tuple Linguistic Information based on Reliability Measurement . 2021
IEEE International Conference on Fuzzy Systems Luxembourg, 11th-14th Juy.
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Chapter 4

Publications

By virtue of the provisions of article 25, point 2, of the current regulations for
Doctoral Studies at the University of Jaén, corresponding to the RD program.
99/2011, this chapter presents the publications that make up the core of this
doctoral thesis.

These publications correspond to two scientific articles published in
International Journals indexed by the JCR (Journal Citation Reports) database,
produced by Clarivate Analytics and a conference paperindexed in Engineering

Village.
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Abstract The two-dimension 2-tuple linguistic (TD2L)
label, based on the traditional 2-tuple linguistic represen-
tation model, adds another 2-tuple linguistic term to
express the reliability degree of the assessments. However,
the reliability degree is a subjective evaluation on relia-
bility of the given assessments and variables due to the
limitations in cognitions and the complexity of decision
objects. All assessments without total reliability degree are
viewed as uncertain ones. Based on this idea, this paper
proposes a new TD2L representation model from a
stochastic perspective. The assessment expressed by TD2L
is a variable that fluctuates around the given linguistic
term, and the fluctuation range is decided by the reliability
of the assessment. Therefore, the assessments are regarded
as stochastic variables, where the expectancy and deviation
of the stochastic variable are corresponding to the first
dimension and the second dimension information of
TD2Ls, respectively. Consequently, two new aggregation
functions for aggregating TD2L labels based on the algo-
rithms among stochastic variables are proposed. In addi-
tion, the comparison and similarity measure between TD2L
labels are developed, which considers the relative impor-
tance of the two dimensions of TD2L labels. Finally, the
proposed method is applied to an investment decision of
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medium sized enterprise and alternatives ranking is pro-
vided with the probability of superiority. A comparison
analysis conducted from three aspects illustrates the
effectiveness of the proposed method.

Keywords Multiple attribute group decision-making
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1 Introduction

Linguistic terms are more easily represented than crisp
numbers for attribute assessments in multiple attribute
group decision-making (MAGDM). The concept of lin-
guistic variables was introduced by Zadeh [1], which took
values expressed by words or sentences in natural lan-
guages. It turned out to be a useful tool for handing
MAGDM problems with qualitative information. Since
then, MAGDM approaches for dealing with linguistic
variables have been widely investigated [2-9]. To avoid
information loss and reduce the cost of computation com-
plexity in calculation, Herrera and Martinez [10] proposed
a 2-tuple linguistic model with respect to computing with
words (CWWs). Furthermore, several extensions for the
2-tuple linguistic extension model have been proposed
within MAGDM problems which are the 2-tuple semantic
model [11-13], multi-granular 2-tuple linguistic model
[5, 14, 15], proportional 2-tuple linguistic model [16, 17]
and numerical scale model [18-20]. Based on the extensive
successful research of 2-tuple linguistic models in CWW,
Martinez and Herrera [21] provided an overview on these
models.

The previous 2-tuple linguistic models have been suc-
cessfully used to elicit the assessments but, the reliability
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of the assessments is also important for decision makers
(DMs). The extant decision-making models with 2-tuple
linguistic assessments assume that all the assessments have
the same confidence level [22], which may be infeasible in
a practical decision environment. In order to show the
evaluation on the reliability of the assessments, Zhu et al.
[23] proposed the concept of two-dimension linguistic
information, which includes the reliability information of
the subjective assessments. Obviously, the information
expressed by TD2L is more accurate and reasonable,
because the assessment and the reliability of the assessment
are provided at the same time. Due to the advantage of
expression of TD2L labels, several studies have explored
MAGDM problems with two-dimension linguistic assess-
ment [24-36]. Zhu et al. [30] proposed a two-dimension
linguistic lattice structure to deal with two-dimension lin-
guistic information, which makes the expression of infor-
mation more intuitive and comprehensible. Liu et al.
[29, 37] proposed some two-dimension uncertain linguistic
aggregation operators and applied them to practical
MAGDM problems, Wang et al. [33] applied the TD2L
representation model to a large scale group decision-mak-
ing problem. Liu et al. [35] developed an improved failure
mode and effects analysis method using two-dimensional
uncertain linguistic variables. Zhao et al. [38] combined
two-dimension linguistic expression and PROMETHEE
methods for multiple attribute decision-making. In addi-
tion, it has alse been widely used in other fields in real life,
such as power plant site selection [31], emergency man-
agement [36] and risk assessment [32].

However, some aspects have not been sufficiently ana-
Iyzed yet. Firstly, existing approaches for dealing with the
TD2L labels have considered the two dimensions as
independent information without taking into account that
the uncertainty of the assessment is related to the reliability
degree. Secondly, previous studies attached more impor-
tance to the assessment than the reliability degree but failed
to consider the relative importance degree of the two
dimensions. Thirdly, the general aggregation operators of
TD2L labels didn’t reflect the reliability degree of the
overall assessment, leading to the distortion of information.
In this paper, we aim to solve these limitations.

Let (S';,;j',) and (x,s,) be two TD2L labels, then the
reliability degree of the first dimension information s;, and
s§;, are shown in Fig. 1b, in which the grey shadows rep-
resent the uncertainty of the assessment. The assessment is
uncertain and adjustable according to the different relia-
bility degree. Figure la shows presentation of TD2L labels
in previous studies, which regarded the label as previous
points, meaning that the first dimension and the second one

@ Springer

(b)

Fig. 1 The different representations of TD2L labels

are two independent measurements. Hence, we process the
uncertainty and adjust the assessment according to the
reliability degree to propose a new TD2L representation
model. With the aid of stochastic analysis, the assessment
is regarded as a stochastic variable, where the numerical
characters of the stochastic variable are decided by the two-
dimensional information of TD2L labels.

As pointed out by Honert [39], a judgement can be
explained as stochastic when it is required to deal with a
number of values for the same judgement [40]. Based on
the fuzzy sets theory [41] and probability theory [42]. this
paper focuses on MAGDM problems with two-dimension
linguistic information to overcome the previous limitations
and further improve its application research, A novel two-
dimension linguistic representation from a stochastic per-
spective is presented. Then two new aggregation functions
are developed based on this, which are different from the
traditional aggregation operators. The comprehensive reli-
ability degree will be presented with the aggregation of
TD2L labels.

The rest of this paper is arranged as follows: Sect. 2
reviews basic concepts regarding 2-tuple linguistic and
two-dimension linguistic representation models. In Sect. 3,
a new TD2L model is proposed which makes TD2L label
corresponding to a stochastic variable and vice versa, then
a comparison and distance measure for TD2L labels are
presented. Furthermore, we develop the TD2L aggregation
function (TD2LAF) and TD2L ordered aggregation func-
tion (TD2LOAF), and related properties of the two func-
tions are studied in details. Section 4 gives a new group
decision-making method based on TD2L assessment. In
Sect. 5, a practical example is provided to demonstrate the
concrete steps and present the results of the proposed
method. The comparison analysis shows the flexibility and
effectiveness of the proposed method with two-dimension
linguistic assessment. The conclusions are drawn in
Sect. 6.
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2 Preliminaries

In this section, we mainly review the basic concepts of 2-tuple
linguistic representation model [10] and two-dimension lin-
guistic label [30], which will provide a basis of the study.

2.1 The 2-Tuple Linguistic Model

Suppose that § = {.f(,.ﬂ. .. .8} is a pre-defined linguistic
term set, and the cardinality of S is g + 1. For any s;,s; € S,
the following properties should satisfy [10]:

(1) The set is ordered: if i > j, then s; > s;;

(2) Maximum operator: if s; > s;, then max (.\‘,, sj) = s

(3) Minimum operator: if 5; > s, then min(s;, ;) = 55

(4) Negation operator: neg(s;) = sg_;.

In general, the cardinality of linguistic label set S is an
odd number, and more than 9 or less than 5 are difficult for
DMs to evaluate. Therefore, the cardinalities of linguistic
label set S are usually 5, 7 or 9. If § is defined with 7
cardinalities, then it shown as §= {sy = none,
S| = verypoor, 53 = medium, s34 = good,
$5 = verygood, so = perfect}.

In order to express linguistic information more exactly,
a 2-tuple linguistic term (s;, o) is proposed by Herrera and
Martinez [10], where s; is a linguistic term involved in set
§. o is a numeric number representing the deviation from s;.
Some related notations of 2-tuple linguistic are provided as
follows:

§; = poor,

Definition 1 [10] Let S = {a(,,n, .. .:sg} be a linguistic
term set and f§ € [0, g| be a value representing the result of
aggregation operation. The 2-tuple linguistic term (s;, )
equivalent to f§ through the function is A as follows:

A:[0,g] — S x[-0.5,05) (1)

i, i = round(ff)

a=foine[-0505 @

A(f) = (si,%), with {

where round is the usual round operation.
Obviously, A is a one to one mapping function. A has an

inverse function A~ ' that A ':§x[-0.505) — [0, ¢]
and A (s, o) = o +i=f.
Definition 2 [10] For any two 2-tuple linguistic terms
(siy2;) and (.\‘j,otj), the relations to compare them can be
given as follows:
(1y (D Ifi>j, then (s;,0;) > (‘v‘,-,aj):
(2) Ifi=}, then

(@) (si,04) > (SJ,\ ocj) for a; > a3

(b) (s, 0) < (57, 2) for oy <oy

(©)  (si,0) = (5. 2) for o = o

2,2 Two-Dimension 2-Tuple Linguistic Label

2-tuple linguistic variable only express the assessment of
attribute provided by DMs, however, in real life, DMs not
only want to know the objective assessment but also want
to obtain the evaluation on the reliability of assessment.
Therefore, Zhu et al. [23] introduced the definition of two-
dimension linguistic label as follows.

Definition 3 [23] Let §={s;#,.... 5} and § =
{50.81,.. ., 8} be two linguistic term sets, where the
cardinality of § and §* is g+ 1 and A + 1, respectively.
Then T = (s;,5;) is a two-dimension lingusitic label, in
which s; € § used for describing the assessment of alter-
natives provided by DMs. §; € 8* describes the self-
assessment of DMs on the reliability of the given evalu-
ation result.

In order to express more possibilities of two-dimension
linguistic information in the calculation process, Zhu et al.
[30] extended the discrete two-dimension linguistic label
into continuous, which is defined as follows.

Definition 4 [30] Let §={s;%,....5} and § =

{80,871, ..., 81} be two linguistic term sets, f§ € [0, 2] be a
number value representing the aggregation results of the

linguistic labels in S, and ji € [0.4] be a number value
representing the aggregation resluts of the linguistic lables
in §°. A TD2L label expressed by two 2-tuple linguistic
labels equivalent to a binary numerical array (ﬁ /5)

through the function A is defined as:

A [0g] % [0,] — (8 % [~0.5,05), 8" x [-0.5,0.5))
(3)
$ivi = rownd ()
o %= fi—ixe[-0505)
A((ﬁ, ﬁ)) = ({5, ). (§,@)). with o m“nd(ﬁ)

@ = fi—j, o € [-0.5,0.5)

)

where round is the usual round operation.
The two-dimension linguistic label defined in Definition
3 can be represented by TD2L label defined in Definition 4
by adding 0 in each linguistic label, that is

(5:,5) = ((5:,0). (55, 0)).
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3 A New Two-Dimension 2-Tuple Linguistic
Computation Model

This section proposes a TD2L representation model from a
stochastic perspective, and then develops a comparison and
similarity measure for TD2L labels associated with the
relative importance of two dimensions. Furthermore, two
TD2L aggregation functions and their superiority are
described.

3.1 Two-Dimension 2-Tuple Representation
from a Stochastic Perspective

Inspired by symbolic translation o of 2-tuple linguistic
label (s;, ), the second dimension information (s}, ;) for a
TD2L label ((s7. ), (5},2)) can be regarded as the devi-
ation degree from the first dimension information (s, o). A
new TD2L model with the aid of stochastic analysis and
some related notations are provided as follows.

Definition 5 Let  S={5.5,....5,} and § =
{$0,%1,...,8,} be two linguistic term sets, §=
((5i.04), (§,2;)) be a TD2L label. s €8, § €S,
o, € [-0.5,0.5). ac[0,g] and b€ [0,g°/9] are the
values representing the symbolic aggregation of linguistic
labels in § and §°, respectively. The function ¢, used to
obtain a TD2L label represented by two 2-tuples that is
equivalent to a binary numerical array (a. b), is defined as:

¢ (a,b) — (S x [70.5,0.5),5* X [70.5.0.5)) (3)
ol(a,b)) = (51,2, (5,%)) (6)

Obviously, ¢ is a one to one mapping. Accordingly, ¢
has an inverse function with ¢~': (S x [-0.5,0.5),5"
%[=0.5,0.5)) — (a,b), where ¢~ (f) = o " ((s1, )
(%,2)) = (a,b).

Different from Definition 4, here a TD2L label corre-
sponds to a stochastic variable and the value of binary
numerical array (a,b) is regarded as the numerical char-
acteristics of the stochastic variable, while a represents the
expectancy of stochastic variable and b represents the
variance of stochastic variable. The value rules of « and b
are defined as follows.

Let X be a stochastic variable with the expectancy and
deviation being E(X) and D(X), respectively. (a,b) is a
binary numerical array equivalent to a TD2L label

5= (s o). (55,04) ). § corresponds to a stochastic vari-
able X with E(X) = a and D(X) = b, respectively. Then

the relations among 3, {a,b) and X are shown in Fig. 2 as
follows.

@ Springer

In real life, one of the most common forms is that
attribute values follow or approximately follow normal
distribution [43]. In this paper, we consider that a TD2L
label corresponding to a stochastic variable X in normal
distribution and X ~N{a,b), then the probability of x
between a — 3+/b and a + 3v/b is 99.74% according to 3¢
principle of normal distribution [42], where x is a possible
value of X and represents the assessment of attribute value
and xe0,zg]. Therefore,
XE [ma_r{u — 3\@, (]}, min{a + 3\/5,1{}:. The develop-
ment of two-dimension 2-tuple linguistic information and
the corresponding relations between ((s;,2), (£}, %)) and
(a, b) are described in Fig. 3 as follows.

Obviously, 5 = ((s;, %), (,0)) is a TD2L label with
the lowest reliability degree of assessment. Let {a, b) be the
binary numerical array equivalent to §. then the value of b
is maximum, which represents the lowest reliability of the
assessment (s;,¢;). The value of a represents the expec-
tancy of stochastic variable X corresponded to s,
a=A (5, ). In the following part, we study the rules of
valuing b.

The range of assessment value is [0, g] and the range of
the value of X corresponded to Sis [a — 3\/5.(1 4 3\/?7?.
Considering that the assessment value could be any one
belonging to interval [0, g] for § = ((s;, ), (55.0)). If @ —
3vb=0 or a+3vb=g, then the overlap between
intervals [0,g] and [« —3vh,a+3vb] is the largest,
which reduces the uncertainty of the assessment. Based on
this, we consider two cases as follows.

() For a—3vb=0, then x¢€[0,min{2a,g}]. If
O0<a<g/2 then x € [0,2a] C [0,g]. If g/2<a<g,
then xe€[0,g]. Therefore, g/2<a<g with
@ — 3/b = 0.The probability density function of X
is shown in Fig. 4 as [ollows.

(2) For a+3vb =g, then x € [max{2a — g.0},g]. If
0<a<g/2, x€l0,g. If g/2<a<g, then
x€[2a—g,g C [0,g]. Therefore, 0 <a<g/2 with

o EQN DY) ¢
X

jm————d—————

(),

Pl e i P

Fig. 2 The relations between a TD2L label and its corresponding
stochastic variable
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“U §| (“l'f:a“) S.g

Fig. 3 The corresponding relations between ([aﬂ,a,—),(.v‘_;,oc',)) and
(a.b)

a -+ 3v/b = g. The probability density function of X
is shown in Fig. 5 as follows.

Based on the above statement, for the TD2L label § =
(i, ), (50,0)) with the minimum reliability degree, if
g/2<a<g, then b=d’/9. If 0<a<g/2, then
b=(g—a)’/o.

Then, we explore the rules of valuing b of general TD2L
label § = ({57, %), (57 %;)). Suppose that the terms in set 5*
are uniformly and symmetrically distributed as the general
lingusitic terms set proposed by Herrera and Martinez [10].
Likewise, the rules of valuing & with g/lgugg and
0 <a<g/2 are shown in Figs. 6 and 7 as follows.

where Fig. 6-(a) represents the corresponding rules
between the first dimension information (s;, ;) of TD2L
label and numerical number a. Fig. 6-(b) represents the

Sx)

§pGe) s

Fig. 4 The probability density function of X with a — 3Wb=10

Jx)

0_1 a'eg/2 3vb £ %

S & v Gt 3,

Fig. 5 The probability density function of X with a + 3Vb=g

corresponding rules between the second dimension infor-
mation (s,y,) of TD2L label and numerical number
a— 3\/!_7.

where Fig. 7-(a) represents the corresponding rules
between the first dimension information (s, o;) of TD2L
label and numerical number a. Fig. 7-(b) represents the
corresponding rules between the second dimension infor-
mation (s'}‘ocd,) of TD2L label and numerical number
a+3 \/E

Therefore, for any TD2L labels, the rules of valuing
(a,b) that arc cquivalent to a TD2L label §=
(55 27), (5, 04)) are provided as follows.
Definition 6 Let S= {.ﬁn..\'}: ,..,.s‘g} and §' =
{50,81,..., 81} be two linguistic term sets, (@, b) be a bin-
ary numerical array. a € [0,g], b€ [0,g%/9]. Let §=
(($i-2), (§,05)) be a TD2L label. The functions x; and v,
used to obtain (s}, ;) and (s']-,zj). respectively, where 5
equivalent to (a,b), are defined as:
nla) = (8, o) (7
Wila.b) = (§.a) (8)
where (1) If g/2<a<g, then i= round(a)u =a—i,

Jj=round((1 —3vb/a)h),o = (1 = 3v/bja)h —j. (2) If

0<a<g/2, then i=round(a), wj=a—1i, j=round
(1 =3vb/(g —aDh). oy = (1 = 3Vb/(g — a))h —J.

In special, if & = 0, then the corresponding TD2L label
is ((si, ), (§1,0)). If b= g?/9, then the corresponding
TD2L label is ((s;, %), (5,0)).

Obviously. the function y, is the same as function A
proposed by Herrera and Martinez [10], and there exists an
inverse function y,. As such from the first dimension of
TD2L label it returns its equivalent numerical value
a € [0, g]. The function y, is provided as follows.
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0 1 2 a g
L | g/; | J (a)
So -5.'\ Sl (b:;sa,) -SI'g
V. aUrmh G Zemelfrap/h T g
e
a—S\fE u+3ﬁ
Fig. 6 The numerical scales of two dimensions linguistic terms with g/2<a<g
0o 1 a g2 g
L 1 1 1 I (a)
i 8 (it Ay 5,
2a—g 2a—g+(g-a)j+a)/ha g-(g—a)j+a)fh g
M - L | S (b)

h

a 73\/@

S

Gra) g

a+3Jp

Fig. 7 The numerical scales of two dimensions linguistic terms with 0 < a<g/2

xS %)) = a (9)
where a = i -+ o;. Similarly, there exist a function y,, as
such, from a TD2L label it returns its equivalent numerical
value b € [0, g%/9]. The function i, is provided as follows.
Yo (80, 00), (5,05)) = b (10)

a=p((she). I
b=(a(l—(j+o)/h)/3)" It
b=((g—a)(1 = (j+=)/h)/3)"

Property 1 The value of b in the range from 0 tog? /9. In
special, if g/2<a<g, then0<b<da?/9. 0 <a<g/2,
then0 <b < (g — a)*/9.

Proof If g/2<a<g, then b = (a(1 — (j+ %) /h)/3)
Since (j+o;)/h€[0.1], then 1— (j+a)/he0,1],
a(l— (j+2)/h)/3€[0.af3]. bel0,a/9]C[0,g" /9
Tt 0<a<g/2, then b= ((g—a)(l— (j+2)/h)/3)"
Since (j+o)/h€[0.1], then 1— (j+a)/he0,1],
(s-a) (1-(t+z)/mselo, (s-allbe
[0,(g — a)Z/Q} C [0,g°/9], which completes the proof of
Property 1.

Based on Definitions 5 and 6, the relations among
functions @, @', x,, #2: W, W, are concluded as follows.

where g/l2<a<g, then

0<a<g/2, then

"

o((a:8)) = (nr((S5,0)). 1 (5 ), (55:4)) ) (n
o (s 2. (855 ))) = Gl (8 ) 2 (85020, (85 ))
(12)
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As shown in Fig. 1, a TD2L label can transform to and
form a binary numerical array through functions ¢ and
@', respectively. A more detailed description of the
relations among TD2L label, binary numerical array and
stochastic variable X ~N(u,0%) is shown in Fig. 8 as
follows.

In order to illustrate the value of a, @ — 3v/b, a + 3vb
that (a, b) equivalent to TD2L labels, an example is pro-
vided as follows for a better the understanding of the rules.

Example 1 Let §, = ((5,0.2),(5,0.1)) and §, =
((§3.-0.2). (53, -0.2)) be two TD2L labels with
g = 6,h = 4, then the value of ay, a; — 3v/by, a; + 3vB,
that (@, b)) equivalent to 31 are shown in Fig. 9. The value
of a2, az — 3+/ba, az + 3+/by that (a2, b2) equivalent to S,
are shown in Fig. 10 as follows.

Example 2 Let S= {§,5,....%} and 5" =
{S0.61,..,64} be two linguistic term sets, §=
((83,0.4), (55,0.2)) be a TD2L label, then the equivalent
binary numerical array to § is (3.4,0.0529), where
a=34+04=34;
b=(34x(1—(3+02)/4)/3) =00529.  Inversely,
let (3.4,0.0529) be a binary numerical array, then
the equivalent TD2L label is ((s3,0.4),(s3,0.2)),
where i =round(3.4) =3, o =34-3=04;
j=round((1 — 3 % 0.0529/3.4) x 4) =3, w=(1-3x
V/0.0529/3.4) x4—3=0.2.
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Fig. 8 The transformations between a TD2L label and its equivalent
binary numerical array

3.2 Comparison of Two TD2L Labels

The method of comparing attribute information is very
important in decision-making and constitutes the funda-
ment of data analysis. In the following part, a comparison
that takes the relative importance of two dimensions of
TD2L labels into account is proposed. The comparison
results show the probability of the superior of one TD2L
label over another.

Definition 7 Let 8\ = ((si.%,). (5,.%;,)) and § =
(5, 2), (8,.95,)) be two TD2L labels, (ay,b) and
(a2,b5) be two binary numerical arrays equivalent to 5.
fg , respectively. X and Y are two normal stochastic vari-
ables with X ~N(a;,b;) and Y ~N(az, by). Then the
probability of X <Y is defined as follows:

P(X<¥) = j [ Ef(ff)f‘(y)d}'a‘x (13)

where f(x) = \/2*1" f()) = vme B,

To make a comprehensive comparison, we consider the
symmetric binary numerical array of (a.b), which is
denoted as (a',b). The definitions of (a,5) are provided

as follows.

a,=28
0 1 2 6
L L 1 \L\S ¢|1 ? ] (a)
& 5 5 (4,,-0.2) 5, ds S
-04 Le4 28 376802 ¢
e (b)

5 5| &
- 3\/5 a, + 3\fb_1

Fig. 10 The numerical scales of two dimensions linguistic terms of
= ({53, ~0.2), ($3, —0.2))

Definition 8 Let S:{.\:g:j],.,.,s’g} and S§' =
{§0,§1,.-,§} be two linguistic term sets, §=
(($:.2), (§,0;)) be a TD2L label. (a.b) is the binary
numerical array equivalent to 5. Then the symmetric bin-
ary numerical array of (a,b) is (a,b),
a = y((5,9)). If hi2<d <h, then b = (a'(1—(i+

where

%)/g)/3) If 0<a <h/2, then b = ((g—a)(1 - (i+
%)/8)/3)’.
Example 3 Let S={s),5,....5%} and § = {5,
§1,...4} be two linguistic term sets, § = ((5.

0.2). (§4, —0.4)) be a TD2L label, then the binary numer-
ical array equivalent to §is (3.2,0.0114), the symmetric
binary numerical array of (3.2,0.0114) is (3.6,0.3136),
where o =4 -04=36, b = (3.6 x (1 —3.2/6)/3)
= 0.3136.

Let 5= ((s, ), (§,.2,)) and 5 =((,
#3,), (8. %, )) be two TD2L labels, (ay, by) and (az, b2) be
two binary numerical arrays equivalent to §\, §2, respec-
X ~N(ay,b) and ¥ ~N(ay,b,), where (a;,b))
and (azb;) are symmetric binary numerical arrays of
(a1,b)) and (aa,b>), respectively. Then the probability of
X' <Y is as follows:

tively.

0 1 2 6

| | | % 4|’\I/ | (d)
S & & & (.02 &

0 3255 42 5145 8.4

\ | R A i (b)
5, . 0.1)

a, 73\/.?77

5
1 al +3'\E

Fig. 9 The numerical scales of two dimensions linguistic terms of j\ = ((54.0.2), ($5.0.1))
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where f(x) = —* = e M.

A/ 28, ¢ \/ 2,

The comparison results of two TD2L labels cannot be
decided only by the probability of X <Y. It is obtained by
the comprehensive consideration of the probabilities of

X<Y and X <Y The probability of the superior of one
TD2L label over another is as follows.

Definition 9 Let S; = ((s;,%,). (5;,.2,)) and 5§ =
((&,2, o, ), (.&j-}.o(jg)) be two TD2L labels. Then the proba-

bility of the superior of S, over §) is as follows
P(.?, < s}) — kL P(X<Y) kzp(x’ <Y’) (15)

where 0<k ko<1, ki +k =1.

The comparison rules between §; and §g are as follows.
() If 05P(§| =< §3) <(.5, then EL is superior to §2
with the probability 1 —P(§1 = §2), denoted as
>§| 1-— P(>§| = SAZJ »3?2.
2y 1f05 <P(§1 < gz) <1, then §2 is superior to S
with the probability P(S\ = 52) denoted as
$,P(S) < §) $i.
@Gy T P(§1 < Ez) = P(§g = .fz) =05, then §

equivalent to §3, denoted as 51 ~ 52.

=

Remark 1 k| and k> are the parameters representing the
relative importance assigned by DMs of the two dimen-
sions of 2D2L label. If DMs give more importance to the
first dimension information of TD2L label, then ky > ks, If
DMs give more importance to the second dimension
information of TD2L label, then k;<k,. If the first
dimension is of equal importance with the second dimen-
sion, then k; =k, =0.5. Unless otherwise specified,
ki = ks = 0.5. Specially, if k; = 1,k = 0, then the com-
parison results are decided by the first dimension infor-
mation of TD2L labels, if k; = 0.k, =1, then the
comparison results are decided by the second dimension
information of TD2L labels.

Example 4 Suppose that §), = ({55, —0.2), (i3,0.4))
and §, = ((54.0.3), (5.03)).g =6, h =4k =k = 0.5,

6136 ix 48
then P(X<Y)=[yf, \é

2
%0.0576¢ ¥l /2

(ra3? .
%0.0629¢7 2 x 0.0629dydx = 0.0749. P(X <Y') =
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i L= %0.0514eFmm L ~Fawrdydx = 03853,

P(§1 < §2) = 0.5 % 0.0749 + 0.5 x 0.3853 = 0.2301.

Therefore, ) is superior to 5, with the probability 0.7699.
3.3 Similarity Measures Between Two TD2L Labels

Kullback Leibler (KL) divergence is usually used to mea-
sure the difference between two probability distributions
|44]. Here, we use KL divergence to measure the differ-
ence between two 2D2L labels. The KL divergence
between two TD2L labels is defined as follows.

Definition 10 Let S; = ({5, ), (§,.%,)) and § =
(55 2,), (5),,9,)) be two TD2L labels,(a;,b;) and
(a2, b2) be two binary numerical arrays equivalent to 5
and Sa, respectively. X ~N(ay,by) and Y ~ N(aa, by) are
stochastic variables corresponding to S, and 55, respec-
tively. The KL divergence between §| and §; is derived
from the KL divergence between X and Y, which is defined
as follows.

fi(x)
f2(x)

where f(x) and f,(x) are probability density function of X

KL(X||Y) = v/;ft(x)[()g‘ dx (16)

_temag? .

and ¥, respectively. f(x) = ﬁe T, falx)
i _lem)?

Sy

Similarly, KL divergence between X’ NN(a’],bJ,) and
Y' ~N(d,,b,) is as follows.

¥ = «2., x)lo, f;ﬂ X
KL(X HY) - '/(;fl( )i Tk 17)

where (a; J b’,) and (a;.b'l) are symmetric binary numerical
arrays of (ay.6y) and (a», b2), respectively. (a,b,) and

(as,by) are the same as before mentioned. f)(x) =

3 are probabilit
Vo, a, R
density functions of X' and ¥, respectively.

However, KL divergence is a distribution-wise asym-
metric measure. In order to overcome the disadvantage,
Jensen-Shannon (JS) divergence [45] was proposed by its
advantage of symmetric and bounded. Following the
extension notations of IS divergence of TD2L labels are
provided.
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Definition 11 Let §; = ((5,,2,). (5. 2,)) and §2 =
((si2, %) (85,.95,)) be two TD2L labels, X and ¥ are
stochastic variables corresponding to §| and Ez, respec-
tively. The Jensen-Shannon (JS) divergence between §|

and §3 is derived from the JS divergence between X and Y,
which is defined as follows.

1 X+¥\ 1 X+V
JS(X,Y) :EKL(XH%) +5KL(YH%) (18)

where KL(XHX"Y) = fEf
3

(")‘f"gf. A):}aLx]dXKL(Y||X+Y) = [if (X)[Ugj X1 ux)d

f1(x) = 7e B fol) = e o

Theorem 1 JS divergence between any two TD2L labels
:‘i and §2 satisfies: []SJS(§1.§2) <L

Proof The logarithmic base e is used throughout this
correspondence unless otherwise stated. Therefore,
KL(X” XLY) = J:uf l"gf‘ 1)+f,(u‘h = fufi
(x)lagm dx+ [if1(x)log2dx.

0 < [3f1(x)log2dx < I.

J3f (0)log 8 dx < [, (0)log Al 4y = 0. Then
KL(X||%3£Y)< 1. In  special, if f,(x)=0., then
KL(X||*$¥) = 1. Owing to the convexity of KL diver-
gence, it follows that KL(X|*5Y) = [5f, (x)iog (&

(x)f 1 (x) + F2(x))dx = *J'ﬁfﬂg(h (%) + 20020 ()

(x)dx > fzngjgﬂ x) + fo(x)f (1) (x)dx = —log [f (x)
+f(x)dx = Specially, if  f (x) =/5(x), then
KI,(XHX”) =0. Based on
0 < KL(X||%5¥) < 1. Similarly, 0 < KL{¥Y || ¥5¥) < 1. Thus,
OS.LS(SI gg) <1, which completes the proof of

Theorem 1.

Obviously,

above statement,

Theorem 2 JS divergence and variational distance sar-
isfies: 2J8(X,¥) < [3If, (x) — f(x)|dx

Proof Since 2J8(X, ¥) = KL(X||%5Y) + KL(Y| X4Y)

= F x)lo 2)”,7(@“:
- [ e ();f((x)’
+ [ foa; 320 e

hR) = e ™ fal)

2f1(x) 2(x)

£
Jog sy oy o st e
I AE )
a _/-UOCIJEA’? J)er(X)) (11(23}) (T{z(ﬁ) J'og,f] (x) +/2(x)
20X 20X
7160 + 520 R + @
Let f:)'f) =4, f ,f,rf) w =B, then A+B

=1 ZJS(X Y) f()(ft £>(x)) (Alog2A + Blog2B)dx.
Using the inequality logZ gz — 1(Z € R), it follows that
Alog2A + Blog2B<A(2A — 1) + B(2B — 1) = A(24 — 1)
+(1 - A) (2-24-1)
=(24-1)"=(A—B) = (|A—B|)>. Since A,B € [0,1],
then |A—B|co, 1] (JA—B)?<|A—B|. Thus

WS YY) = [0+

falx

(N [ty — bl = [alf1(x) — £ ()|, which
completes the proof of Theorem 2.

Similarly, JS divergence between XFNN(a'I:b’I) and
Y ~N(a).b,) is as follows.

sy L X +Y X+
ss(x.¥) = zm_(xu * >+ KL(Y’H s )
(19)
where (a),5)) and (a5, by) are symmetric binary numerical

arrays of (ay,by) and (as,b,), respectively. (a;.b) and
(a2.b2) are the same as before  mentioned.

wa(S1155%) = o2

8 0

g ; A h gt 2
KL (%”%) = ,{nfz(xﬂ"é’j'l(}

e

Similar to the comparison of two TD2L labels, a simi-
larity measure between two TD2L labels considering the
two dimensions information comprehensively is provided
as follows.

Definition 12 Let S, = ((s,,a,), (5,,%,)) and 5, =
({8, %), (5i,-2;,)) be two TD2L labels. Then the simi-

larity between §| and 3’} is defined as:
Sinr(§.= 52) = L JS(X, Y) + AZJS(X’, Y) (20)

where X ~N(a;,by) and Y ~N(ay,b;) are stochastic

variables corresponding to 5, and S, respectively.
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X NN(a’l : b‘]) and YV ~N(a;. bz) are the same as before.
ky and k, represent the relative importance of the two
dimensicns of TD2L label.

The meaning of k; and k» is the same as in Definition
11, Unless otherwise specified, k; = k> = 0.5, Obviously,
0 < Sim (5”1. s}) < 1. The larger the value of Sim(f. ; §g)
is, the smaller the distance between §| and 52 is.

Example 5 Suppose that 8, = {(sy, —0.2), (53,0.4)) and
5= ((55,02),(55,0.1)), g=6, h=4, ki =k, =05
Then  KL(X||*%Y) =0.4340, KL(¥||*$Y) = 0.5037,
KL(X|1¥52) = 0.0267, &L(Y)|1£47) 01122,
JS(X,Y) = 0.5 x 0.4340 + 0.5 x 0.5037 = 0.4689,
JS(X¥') =05 x 0.0267 + 0.5 x 0.1122 = 0.0695,

Sim (s". . §2) — 0.5 % 0.4689 + 0.5 % 0.0695 = 0.2692.

Based on the above statement, the comparison and the
similarity measure between any two TDZ2L Ilabels is
available through the JS divergence between two stochastic
variables corresponded to the TD2L labels.

3.4 Two-Dimension 2-Tuple Linguistic Aggregation
Functions

Here, two TD2L aggregation functions are introduced, with
the advantage of dependent additivity of stochastic vari-
ables with normal distribution, including TD2LAF and
TD2LOAF, which are defined as follows.

Definition 13 Let § = {E‘. 5 §,} be a TD2L label

set, S = ((Sir ), (8, 0,))t = 1,2,..,n. o=
)" is the weight vector of S. Then TD2LAF
is given by the following expression.

TD2LAF($1,8, -, 5) = (), ($0m,)) @)

where i, = rnund(zz’ 1 m,a,), %, = g Wy — ip. The
value of j,, o; satisfies the following conditions.

(.o, ..

If g/2< 3 wa <g, then
s rounn’({l =3y w?b 3 u),a,)h) .

o, = (1=330 @b/ 30 oa)h—j
1f0< 37 ena,<g/2, then

J, = round((1 — 3\/ f‘_‘ b,/ (g — 3, wa,))h)
“J,. (] -3 r: r r ( Zi:l m!““))h i ’
where (a, ;) is the equivalent binary numerical array of
S.t=12,n
Suppose that X, is the normal stochastic variable cor-

responding to §o1= 1,2, ...,n.X, is the normal stochastic
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variable corresponding to TD2LAF(§|‘ 52 g,,) then

X, has the same
X1+X4+...+X,.

Theorem 3 Let § = {E]:.S?h...j\n

numerical  characteristics  as

} be a TD2L label
set, §, = (5, e), (8, ;). and @ = (@1, 00, .. L w,) be
the weight vector of §. § = (85, 2), (85, 2)) is a TD2L

label with j + o = E;'__Iml (j‘ + -IJI), then.

(1) TD2LAF(§|,§3....,§”) =8

2) TDZLAF(S?,‘EQ.. . E) — 5, where Sy=
((Sig2,). (8,,06,))  with  (53,2,) = (5, %), the

value of j, and o, are as follows.

If g/2<i+m<g, then
Jo = round((1 — 3/>.1 | wlb,/a,)h) )
= (1 =320 ot /a)h —jy ﬂ
If O<z+1 <g/2 then
{jo = round((1 — 3/3_;_, w?b,/(g — a;))h)
o, = (I =3y, /(g — a,))h —Jo
In special, if §| = El = = 5'\”, then
TDzLAF(E. S, 5) -5
TD2LAF($1. 82,0, §) = (G, (,3,)),  where

the value of j, and o, satisfies the following: If
g/2<a<g, then jy=round((1-3/3 | e?bja)h)
= (1 =32 wibja)h—j,. If 0<a<g/2, then
Jjo= round((l -3/ b/ (g - a)h),
2, = (1-3/37 @b/(g —a))h — j. (a,b) is the binary
numerlcal array cotresponding to b..
Proof (1) Il g/2<a<g, then

Jot+ o, = (1 - 3\/ iw?b,/a)h
=1
- (] = S\I/im}(a(l

et zji)/h)/fi)z/a) h

1— VZ awa(l — (j, +2,)/h)/3) /a)

-
(1 3= (a1~ G+ )W)’/ )h
s

1 \/2 o (1= G +2,)/h)) )
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