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ABSTRACT

Agreement in Group Decision-Making problems has recently been tackled through the use of Minimum
Cost Consensus (MCC) models, which are associated with solving convex optimization problems. Such
models minimize the cost of changing experts’ preferences towards reaching a mutual consensus, and es-
tablish that the distance between the modified individual preferences and the collective opinion must be
bounded by the threshold € > 0. A recent MCC-based model, called the Comprehensive Minimum Cost
Consensus (CMCC) model, adds another constraint related to a parameter y € [0, 1] to the above con-
straint related to the parameter ¢ to enforce modified expert preferences in order to achieve a minimum
level of agreement dictated by the consensus threshold 1 — y € [0, 1]. This paper attempts to analyze the
relationship between the aforementioned constraints in the CMCC models from two different perspec-
tives. The first is based on inequalities and allows simple bounds to be determined to relate the parame-
ters ¢ and y. The second one is based on Convex Polytope Theory and provides algorithms that compute
more precise bounds to relate these parameters, and could also be applied to other similar optimization
problems. Finally, several examples are provided to illustrate the proposal.

© 2022 The Author(s). Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Consensus Reaching Processes (CRPs) have been proposed
(Labella, Liu, Rodriguez, & Martinez, 2018; Zhang, Dong, Chiclana,

Group Decision-Making (GDM) problems are those situations in
which a group of individuals or experts should decide, from a col-
lective point of view, which alternative is the most suitable to solve
a problem. Even though different rules such as majority, unanim-
ity, or Borda count, among others, have been proposed in the clas-
sic literature to model these situations (Butler & Rothstein, 2006),
the use of these rules in the formation of group opinions could
leave some Decision Makers (DMs) feeling dissatisfied by not tak-
ing their opinions sufficiently into account in group opinion for-
mation (Palomares, Estrella, Martinez, & Herrera, 2014). Therefore,
it is of utmost interest to resolve conflicts among decision mak-
ers before forming a collective opinion to ensure that everyone is
satisfied with unanimous acceptance.
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& Yu, 2019) to deal with conflicts between DMs’ opinions in GDM.
They consist of iterative discussion processes, usually coordinated
by a human figure, called a moderator, which aim to smooth out
conflicts in a GDM situation (Palomares et al., 2014). This itera-
tive process is controlled by the measure of the level of agreement
among decision makers, which we refer to as consensus measure.
If the value obtained from this measure in a given round exceeds
the consensus threshold set w € [0, 1], or the number of iterations
exceeds the maximum number of rounds allowed MaxRounds € N
(the set of natural numbers), the CRP ends (Palomares et al., 2014).
Often, these CRPs (we also refer to them as consensus models) are
time-consuming as they require several discussion rounds among
experts. Consequently, other consensus models have been pro-
posed that aim to achieve agreement among experts quickly and
automatically (Gong, Zhang, Forrest, Li, & Xu, 2015; Zhang, Dong, &
Xu, 2012).
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Minimum Cost Consensus (MCC) models (Ben-Arieh & Easton,
2007; Zhang, Dong, Xu, & Li, 2011) stand out from other automatic
CRPs because they express GDM problems in terms of an optimiza-
tion model based on minimizing a cost function in the space of
preferences (Ben-Arieh & Easton, 2007; Zhang et al., 2011). These
models consider that the constraints defining the feasible region of
the minimization problem are given by a maximum distance ¢ > 0
between the DMs and the collective opinion (Gong et al., 2015;
Zhang, Dong, & Xu, 2013), but neglect the minimum level of agree-
ment that characterizes classical CRPs (Zhang et al., 2012; Zhang,
Gong, & Chiclana, 2017). To overcome this drawback, Comprehen-
sive MCC (CMCC) models were introduced (Labella, Liu, Rodriguez,
& Martinez, 2020; Rodriguez, Labella, Dutta, & Martinez, 2021) to
generalize previous MCC approaches by including a constraint in-
volving a consensus measure that enforces adjusted preferences to
ensure a consensus degree 1 — y € [0, 1]. However, the inclusion of
such an additional inequality presents a major drawback in terms
of redundancy, in some situations, of both types of constraints.

Rodriguez et al. (2021) observed that for a given fixed value of ¢
some constraints of the y values become redundant and vice versa.
Furthermore, the calculations shown by Labella et al. (2020) indi-
cate that the parameters ¢ and y could be related to one another.
Concretely, one of the proposed examples shows that, for a fixed
value of the parameter y, the value of the cost of modifying the
original preferences remains the same for several values of €. Sim-
ilarly, for certain fixed values of ¢, the value of the cost function
also remains invariant for some specific values of y.

Although there are some initial observations on the dynamics of
the relationship of the parameters ¢ and y and their corresponding
inequalities, a proper understanding of the behavior of the param-
eters with respect to the optimal solutions and specific theoretical
results are yet to be established. From a practical application point
of view, it is of utmost interest to understand the proper relation-
ship between these parameters, since if the redundant constraints
can be identified a priori, they can be suppressed in the compu-
tational resolution of the CRP. This simplification can be especially
relevant when the number of DMs involved in the GDM is high be-
cause CMCC models are based on solving mathematical program-
ming problems that can be especially slow in these situations.

Therefore, this paper is devoted to analyzing the relationship
between the two parameters of the CMCC models. In particular,
we attempt to explore the structure of such a relationship in light
of the following research questions.

e RQ1: For a fixed value of y (resp. ¢), which values of ¢
(resp. y) imply that the ¢ (resp. y) constraint is redundant
in CMCC?

e RQ2: For a fixed value of y (resp. ¢), which values of ¢
(resp. y) imply that the y (resp. €) constraint is redundant
in CMCC?

To answer these questions, this proposal studies the influence
of the parameters y and ¢ on the CMCC model using two differ-
ent approaches. We will start with an inequality-based approach,
which allows us to derive approximate bounds to relate the param-
eters that are very simple to calculate. The second approach relies
on Convex Polytope Theory (Henk, Richter-Gebert, & Ziegler, 2018;
Ziegler, 1995) to determine more precise bounds for these param-
eters. In addition, this polytope-based approach also provides a
generic solution to the abstract problem of establishing a relation-
ship between any linear constraints that define the feasible region
of a convex minimization problem. In summary, the main novelties
of this contribution are:

o The interactions between the consensus measure and the
maximum distance between experts and the group in CMCC
are formally analyzed from two different perspectives, one
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based on inequalities and the other on Polytope Theory, to
explore the full potential of CMCC models in practice by pro-
viding a comprehensive view of parameter dynamics.

e A generic polytope-based algorithm is proposed to analyze
the relationship between linear constraints in convex min-
imization problems, i.e., whether some of them are redun-
dant and, consequently, determine the same feasible region.

A deeper understanding of the relationship between parameters
in CMCC has the following main implications:

o It provides an explanation of certain peculiarities of the be-
havior of the cost function in the CMCC models that have
been pointed out in the literature (Labella et al., 2020; Ro-
driguez et al., 2021).

o It simplifies CMCC models by eliminating redundant con-
straints.

o It helps the moderator to conduct the CRP more efficiently

by explicitly detecting unnecessary consensus conditions

and understanding possible changes in cost and solutions for
different parameters configurations.

It can significantly reduce the computational cost of generat-

ing experts’ modified preferences in CMCC, which implies an

immediate improvement in the total time required for the

CRP.

The remainder of this contribution is set out as follows.
Section 2 provides the necessary background on GDM, CRPs, MCC
models, CMCC models, and Polytope Theory to easily understand
this proposal. In Section 3, the minimization problem is refor-
mulated by using a novel notation to simplify this proposal.
Section 4 provides several relationships between the parameters y
and ¢ which have been obtained by chaining inequalities, and in
Section 5 a novel approach based on Polytope Theory is developed
to obtain more precise relationships between these parameters. In
Section 6 several examples are proposed to illustrate this research.
Finally, Section 7 concludes the paper.

2. Preliminaries

This section provides the background required to fully under-
stand this proposal and introduces basic concepts about GDM and
CRPs. In addition, a brief review of the historical evolution of MCC
models is developed to emphasize the link between the various
formulations. Finally, we provide a brief introduction to the funda-
mental concepts of convex polytopes.

2.1. Group decision-making

GDM problems are those situations in which several individu-
als or experts have to decide which alternative, out of a given set
of possible solutions to a given problem, is the most appropriate
(Butler & Rothstein, 2006; Kacprzyk, 1986). Formally, a GDM prob-
lem consists of:

o A set X ={x1,xp,..
lem.

e Aset E={eq, ey, ...,em} of experts who express their pref-
erences about the alternatives in X through a certain prefer-
ence structure.

.,Xp} of possible solutions to the prob-

For the sake of simplicity, in this work, we restrict our in-
vestigation to two preference elicitation approaches, namely, nu-
merical scale and Fuzzy Preference Relation (FPR). In numeri-
cal scale settings, experts evaluate the alternatives by using a
number from [0,1]. On the other hand, in the FPR setting, it
is assumed that preferences are elicited from experts by us-
ing Fuzzy Preference Relations (FPRs), a widely used structure
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Fig. 1. Scheme of a CRP.
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that has been shown to be effective in dealing with uncertainty
(Bryson, 1996; Herrera-Viedma, Herrera, & Chiclana, 2002). These
FPRs are obtained by asking the expert e, to assess how much
they prefer the alternative x; to the alternative x; using a value
p:fj in the interval [0, 1]. The FPR associated with the expert e, is
the matrix P, = (pfj) € Mnxn ([0, 1]), whose elements must satisfy
the symmetry condition p¥ it p’j‘.i =1.

The classical scheme for a GDM problem consists of two
phases:

o Aggregation. An aggregation operator is used to fuse the
preferences elicited from the experts.

» Exploitation. The best alternative is selected taking into ac-
count the results of the previous phase.

Based on this scenario for a GDM problem, we will illustrate the
key elements for carrying out the GDM process in the following
subsection.

2.2. Consensus reaching processes and consensus measures

Classically, several rules have been used to select the best al-
ternative in a GDM problem, such as the majority rule, the mi-
nority rule, or unanimity (Butler & Rothstein, 2006) but, when us-
ing these classic rules in the GDM solving process, some experts
may disagree with the solution chosen by the group (Labella et al.,
2018; Palomares et al., 2014).

A Consensus Reaching Process (CRP) is an iterative discussion
process in which experts must modify their initial opinions to
reach a collective agreement. CRPs have been developed to avoid
disagreements and reach a collective opinion that satisfies all indi-
viduals who participate in the GDM problem.

Several consensus models have been proposed in the literature
(Palomares et al., 2014). The general scheme for these models (see
Fig. 1) is:

o Consensus Measurement. The preferences elicited from the
experts are gathered and the level of agreement is computed
using consensus measures (Beliakov, Calvo, & James, 2014).

o Consensus control. The obtained level of agreement is com-
pared with a fixed consensus threshold u € [0, 1]. If the level
of agreement is greater than this threshold, a selection pro-
cess is applied. Otherwise, another round of discussions is
conducted. In order to avoid an endless process, a maximum
number of rounds, MaxRounds € N, must be established be-
forehand.

o Consensus Progress. A moderator identifies experts’ prefer-
ences that are difficult for the agreement process and gener-
ates recommendations for the experts to consider.
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According to the taxonomy developed in Palomares et al.
(2014), the consensus measures can be classified into two groups:

e Consensus measures based on the distance between each
expert and the collective opinion,
« Consensus measures based on distances between experts.

Based on this background on the elements of the GDM process,
in the following we will describe the automatic cost-based consen-
sus models, which are the type of models for which we will study
the relationships between parameters in this proposal.

2.3. Minimum cost consensus models

To study the cost of modifying experts’ preferences, Ben-Arieh
& Easton (2007) proposed the notion of MCC and introduced a
model that considers consensus as being the minimum distance
between each expert and the collective opinion, which is calcu-
lated using a weighted mean. This model aims to minimize the
cost of moving preferences using a linear function. Specifically, for
a set of experts E = {eq,e;,...,em} who express the preferences
0=(01,0,...,0m) Over a certain alternative, the proposed opti-
mization model is as follows:

(M-1)

i=1
|xi —X| <e,i=1,2,...,m

where the parameter c; € R; models the cost of moving the opin-
ion of the expert e; one unit and w; € [0,1], Y7'; w; =1, is the
importance of the expert e; when aggregating the preferences.

By solving the non-linear programming problem defined in (M-
1), a vector of optimal preferences 6 = (61, 0y, ...,0m) is obtained
that satisfies that the distance between its coordinates and the col-
lective opinion 6 = >, w;0; is bounded by e.

Zhang et al. (2011) improved this previous proposal by consid-
ering that collective opinion could be calculated using different ag-
gregation operators. To do so, the previous model was modified as
follows:

m
min Cilxi—o
(X| YYYY Xm)g: l| 1 l|
i (M-2)
X=F(x1,%, ..., Xm)
s.t. = .
| —X| <e,i=1,2,...,m

where F is an aggregation operator.

2.4. Comprehensive minimum cost consensus

Recent studies (Gong et al., 2015; Zhang et al., 2013; 2012;
Zhang et al., 2017) have introduced new MCC approaches based
on the original model proposed in Ben-Arieh & Easton (2007), but
they all consider the distance of each expert from the collective
opinion, ignoring a minimum level of agreement among experts,
which is a milestone for CRPs (Chiclana, Mata, Martinez, Herrera-
Viedma, & Alonso, 2008; Kacprzyk & Zadrozny, 2010). In order to
deal with this shortcoming, Comprehensive MCC (CMCC) models
were developed (Labella et al., 2020).

A CMCC model is a modification of the model (M-2) which in-
cludes a new constraint related to preferences holding a minimum
consensus level:
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m
1o la}gl)rel[m]m;q'x' il
X=F(x1,...,Xm) (M-3)
sti|x—x|<e,i=1,2,....,m
consensus(Xy, ..., Xm) > U,

where the function consensus : [0, 1]™ — [0, 1] measures the level
of consensus reached by experts, u € [0, 1] is a consensus thresh-
old that is fixed a priori, F : [0, 1]™ — [0, 1] is an averaging aggre-
gation operator, and ¢ is a parameter that measures the distance
between each expert’s adjusted opinion and the collective opinion.

2.4.1. MCC models dealing with numerical values

The model (M-3) was first adapted to two possible types of
consensus measures (Palomares et al., 2014): those based on the
distance between experts and collectlve opinion are modeled us-
ing (M-4) and those based on the distance between experts are
modeled using (M-5), both of which are detailed below:

m

min Z cilx; — o]

(Xq4eees x,,.)e[Ol]m
x:Zwixi

s.t. |x,4—l=21|§8,i=1,2,..4,m
lilwﬂxi—ﬂ <v,

(M-4)

min ch|x, — o

(X1,....Xm)€[0, 1]'“

x_wal
i=1
stdlxi—x|<ei=12,...m
m—-1 m-1
i+Wj
> oy X - x| <y,

i=1 j=i+1

(M-5)

where y =1 - and w; € [0, 1] (312, w; = 1) are the importance
values of the expert e;.

2.4.2. MCC models dealing with FPRs

The models provided in the previous section were also adapted
for FPRs. Model (M-4) was rewritten as (M-6), while model (M-
5) becomes (M-7). Given the fuzzy preference relations P, = (pu) €

M0, 1D nxn, (k =1, ..., m), the model (M-6) is defined as follows:

m n-1 n

min ZZ Z ck|x,] pu

k
(%] )€/Vln><n([0 l])k 1i=1 j=it1

X:] = Z kak

=1
st |x’.‘A—x,~j|ge,kzl,...,m,izl,...,n
m n—1 n

-1,j=i+1,...,n

=Xl =< v,
k=1 i=1 j=i+1

(M-6)

where p{Fj is the original preference of the expert e, for the pair

of alternatives x; and x;. Following the same scheme, the model
(M-7) was defined as:
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m n-1 n
,omin 0T clxf - bl
)M ([0 ]])k 1 i=1 j=i+1
x,,—ZWkX
k=
ot |xk_xl]|<8k:1,“,,m,i:1,...,11—1,j:i+1,...,11
n m-1

m
n(n 1) Z Z Z Wkt‘{v‘ |X:§—X§j| =Y
i=1 j=i+1 k=1 I=k+1

2.5. Polytopes

In this subsection, some basic notions about the Convex Poly-
tope Theory are introduced. Convex Polytopes are the general-
ization of the 2-dimensional notion of convex polygon or the 3-
dimensional concept of polyhedron. After introducing two differ-
ent definitions for the concept of Polytope that are present in the
literature (Henk et al., 2018; Ziegler, 1995), the Main Theorem of
Polytope Theory, which unifies these two definitions, is stated.

Definition 1 (V-Polytope). R ¢ R™ is said to be a V-polytope
if R can be expressed as the convex hull of a finite set V =
{vi,v9,..., vp} CR™, ie

n
Z AV
k=1

The set V is called the set of vertices of R.

n
nand Y =1

k=1

M=>0VEk=12, ...,

Definition 2 (H-Polytope). R c R™ is said to be a H-polytope if
R can be expressed as the bounded solution set of a finite sys-
tem of ¢ linear inequalities, i.e., we can find A € Mgm(R) and
B e Mg,1(R):

R={xeR™ : Ax <B} c B(0,r) for a certain r > 0,

where B(0, r) denotes the ball of center 0 € R™ and radius r > 0.

The following fundamental theorem on the representation of
polytopes (Henk et al., 2018; Ziegler, 1995), which relates the no-
tions of V-polytope and H-polytope representations, forms the ba-
sis of our polytope-based analysis of the relationship between the
inequalities involving the parameters ; and y and the finding of
tight bounds.

Theorem 1 (Main Theorem of Polytope Theory). The definitions
of V-polytopes and of H-polytopes are equivalent. That is, every V-
polytope has a description by a finite system of inequalities, and every
H-polytope can be obtained as the convex hull of a finite set of points
(its vertices).

Definition 3 (Convex Polytope). R ¢ R™ is said to be a convex
polytope if R ¢ R™ is an H-polytope or a V-polytope.

From the computation point of view, it is important to un-
derstand how to switch between polytope representations. It was
pointed out in Henk et al. (2018), Ziegler (1995) that there are
three types of algorithms that allow us to transform one repre-
sentation of a convex polytope into the other, namely, inductive
algorithms (inserting vertices), projection algorithms and reverse
search methods. Irrespective of the merits and demerits of the al-
gorithms for numeric computations, this work will use the popular
package vertexenum Robere (2018) developed for the software R
(R Core Team, 2017), which allows us to transform the inequality-
based representation of a convex polytope (H-polytope) into the
vertex-based representation (V-polytope).



D. Garcia-Zamora, B. Dutta, S. Massanet et al.
3. Problem description

This section is devoted to establishing a common notation to
simplify the study of the relationships between the constraint in-
duced by the consensus measure and the constraints involving
the distances between preferences and collective opinion in CMCC
models.

First, note that all models proposed in Section 2.4 can be de-
scribed as follows.

min YL ClX — 0l

st (X1,X2, ..., Xm) € Re, (M-G)
T *1 X2 Xm) € Ry,
where

* Re and Ry, are the sets of points in [0, 1]™ that satisfy cer-
tain constraints related to the parameters ¢ and y, respec-
tively, that is,

Rﬁ\::{XE[O,l]m : gk(x)§8Vk=1,2,...,m},
Ry, :={xe[0,1]™ : go(x) <y},

where gg,21,...,8m :[0,1]™ — R, are defined as the com-
position of a linear function with the absolute values of
some other linear combination of variables, that is,

m

(X1, X2, ... Xm) = Y WLi(X1, ..., Xm)],
i1
V(x1,X2,...,Xm) € R™,

(1)

for all k=0,1,...,m, where ; : R™ — R is a linear function
foralli=1.2,...m and w¥ > 0.

e (¢1.¢2,....cm) € R are the constant values for the cost of
moving the opinion of each expert one unit,

e (01,0y,...,0m) €[0,1]™ are the initial values for experts’
preferences.

As mentioned earlier, the experimental results conducted in
Labella et al. (2020) suggest that the parameters y and & appear-
ing in the models (M-4), (M-5), (M-6) and (M-7) could be related.
Here, we are interested in exploring the relationships of these pa-
rameters by analyzing the containment relationship between the
regions Ry, and R. that involve the inequalities corresponding to
the parameters y and ¢, which attempt to restrict the adjusted
preferences.

In light of the inclusion relationships of these regions, we first
attempt to study if, given a value for y [0, 1], certain values of
¢ exist for which the region R, is encapsulated in R.. In other
words, we want to find a value &; € [0, 1] such that Ry SR, V & >
&1. This setup leads to some interesting consequences in the geom-
etry of the regions that we describe in the following.

Denote Ry ¢ :=Ry NRe ## (0 € Ry ¢). Note that for a fixed
value of y, the following statements are equivalent:

* Ry CRe Ve=e.

* Rye=Ry Ve=eq.

e The constraints associated with ¢, that is, |x, —X| <&,k =
1,2,...,m, do not affect the shape of R, o V & > 1.

o The values of the preferences that satisfy the constraint of
Ry also satisfy the constraints of R for all & > &;.

Remark 1. The notation R!,RL and R ., i=4,56,7 will be
used to relate these regions with the models (M-4), (M-5), (M-6)
and (M-7). When referring to the generic model (M-G) the nota-
tion Ry, Re and Ry ¢ is kept for the sake of simplicity.

Keeping these consequences in mind, one can observe that for
a fixed y, studying the shape of the region Ry . is equivalent to
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finding if a maximum value for the distance between the experts’
opinions and the respective collective opinion ¢ is guaranteed. This
fact leads to the following definitions:

Definition 4. (¢1(y)) For a fixed y €[0,1] we will denote by
&1(y), or simply &7 if no confusion is possible, the infimum value
of ¢ such that R) € R,.

Definition 5. (y;(¢)) For a fixed ¢ €[0,1], we will denote by
y1(¢), or simply y; if no confusion is possible, the infimum value
of y such that Re € R,.

The purpose of €1(y) and y;(¢) is to detect when the region
Ry.e starts to differ from the region R, or R, respectively. Note
that finding the values €1(y) and y;(¢) is equivalent to providing
an answer to RQ1. However, a change in the region does not neces-
sarily imply a change in the solution of the minimization problem.
In order to control this change, we introduce the following alterna-
tive definition for the notion of boundary, which is more suitable
for the problem that we are dealing with in this study:

Definition 6. Let R := {x €[0,1]™ : g(x) <r}, for some g: R™ —
R and r > 0, be a region in the unit hypercube. Then, the modified
boundary of R, Bound*(R), is defined as follows:

Bound*(R) := ((R)\ (R))°) N[0, 1]™

where R’ := {x e R™ : g(x) <r} and c and o denote, respectively,
the standard closure and interior of a set.

The point of this definition is to avoid the interference of val-
ues such as (0,0,...,0) or (1,1,...,1) in the computation of the
boundaries of the regions R, and R..

Based on this notion of a modified boundary, we propose the
following definitions in order to find the values of the parameters
¢ and y for which a change in the solution is ensured when the
other parameter is fixed.

Definition 7. (¢;(y)) For a fixed y €[0,1], we will denote by
&,(y), or simply &, if no confusion is possible, the supremum
of the values of & such that Bound*(Ry )N Bound*(Ry.) =#, or
equivalently Re C Ry.

Definition 8. (y;(¢)) For a fixed € €[0,1], we will denote by
¥ (€), or simply y, if no confusion is possible, the supremum
of the values of y such that Bound*(Re) N Bound*(Ry.) =@, or
equivalently R, C Re.

Note that if these boundaries have no points in common, the
solution will inevitably change. In addition, by finding these val-
ues, an answer to RQ2 would be provided. To clarify this, consider
a fixed value y €[0,1] and the sequence {ep} = {%},n € N. Note
that for £; =1, the constraints related to &; in the region Ry ¢,
are always satisfied and consequently Ry, ., = Ry. If we increase
the value of n, we will find some n; such that ep, < &1(y), which
means that for n > ny, there is at least one point in R, which
does not belong to R¢,. However, the solution will not necessar-
ily change until a value n, > ny such that &5, < &,(y) is found
and consequently Bound*(R,) N Bound*(Ry ¢,) =¥ for any value
n > n, (see Fig. 2).

Based on this formalization of our research questions in the
form of the definitions mentioned above, we attempt to find rough
bounds for the parameters in the next section.

4. An approach based on inequalities

In this section, we provide rough bounds for the values of
&1(y) and y4(¢) for each CMCC model. Specifically, we obtain the
values &{ and y| such that &} > &;(y) and y| > y;(¢) for every
model.
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Bound*(Ry) N Bound*(Rye,) =0 Ry e, = R’Y
e e, ! e,
E’H,Q €n1 61

0 e2(7) ei(y) 1

Fig. 2. A sketch of &1(y) and &,(y) for a fixed value of y € [0, 1].

4.1. The model (M-4)

Adopting our earlier introduced notations, the regions associ-
ated with the consensus model (M-4) can be written as follows:

Ry :=(xe[0,1]™ : |x;—X|<e, Vi=1,2,...,m},

m
xel0, 1] : ZWiP‘i—ﬂfV ,

i=1

4 .
RY

Ry =RiNTR;.

The rough bound of y for a given ¢ > 0 in terms of Definition
5 is illustrated in the following proposition.

Proposition 1. For a given ¢ > 0 in the consensus model (M-4), the
value of y that ensures the satisfaction of the constraints of 72;‘, is

yi(e) =¢, thatis, RE =R}  Vy >e.

Proof. Suppose that xeRZ Then |x; —X| <& and
> kli Wilx; —X| < &. Therefore, if y >, RZ< R}, and conse-
quently RF =R} .. O

The opposite case is described in the following proposition.

Proposition 2. For a given y > 0 in the consensus model (M-4), the
values of & that ensure the satisfaction of the constraints in R are
, :
e1(y) = m that is,
R b Ves— L
MiNg=12,..m {Wk}

Proof. Let us suppose that x ¢ R‘}‘,. Then Y1, w;lx; —X| < y and
wilx; — x| <y Vi=1,2,...,m. Therefore,

- <—2 _Vi=12 ..m
MiNg=12,..m {Wk}
i ’a_ 4 4 4 _
So, if £ > ¢} := iy W]’ XeRy . and consequently, Ry =
4
Ry_g. O

4.2. The model (M-5)

The regions associated with the consensus model (M-5) can be
cast as follows:

R :={xe[0,1]™ : |x;—X| <&, Vi=1,2,...,m},
m-1 m
Wi+ w;
Ry =ixel0 )" 2 30 30 ——i—xl=vyy,
i=1 j=it+1

R . =RINTR.

Similarly, rough bounds for the parameters ¢ and y when one of
them is given can be obtained for (M-5) and are given in the fol-
lowing propositions.
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Proposition 3. For a given & > 0 in the consensus model (M-5), the
values of y that ensure the satisfaction of the constraint of R?, is

Y{(e) = 2¢, that is, R3 =R3 . V y > 2¢.
Proof. First, note that
-1
'"Z: i Wi + W,
— & -1
i=1 j=i+1
1 m-1 m
= d o m—iw+ ) (- Dw;
i=1 i=
1 m-1
“m-1 (m— 1w, +Z(m—i)Wi

i=2

+m—Dwy + Y (- Tw,
i=2

1 m-—1

— (m-1)(w, +Wm)+§(m_])wi -1

For an arbitrary x € R2, we have

m-1 m m-1 m
Wi + W; w; +Ww
DR EPTIED D D e (VB RN P
i=1 j=i+1 i=1 j=i+1
m-1 m
W,'-l-W]
< 2¢ =2¢
- Z m—1
i=1 j=i+1
Hence, xe R}, Yy >2e. O

Proposition 4. For a given y > 0 in the consensus model (M-5), the
values of ¢ that ensure the satisfaction of the constraints in R2 are
g1(y) = (m—1)y, that is,

R, =R, Ve=(m-1)y

Proof. Let x € R5. Then
m m
—X| = Z Z
m-1 . m .
<> Z

i=1 i=

m

Xl < Y wilx =]

J=1.j#i

wi+w))lx; —xj| <y(m—1).

So, 1f8>(m—1))/, > =R5, O

4.3. The model (M-6)

Let us define My ([0, 1™ := Mp,n ([0, 1]) x ™ times
xMnxn([0,1]), whose elements are vectors of n-dimensional
square matrices. With this notation, the regions associated with
(M-6) can be represented as follows:

RY: = {X € Mun ([0, 1D™ = [xf; — Xy
e k=1,... mi=1,...,n-1,
j=i+1,...,n},
= {X € Mpn([0,1D™ :
m n-1 n
n(n—l);;]Zz;W"lxu Xijl <y

6 . 6 6
RS .1 =RENRS.

Similar results for the rough bounds for the parameters can also
be obtained for (M-6) and are given in the following propositions.
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Proposition 5. For a given & > 0 in the consensus model (M-6), the
values of y that ensure the satisfaction of the constraint of R?, is

y{(e) =e¢, thatis, RE=RE , ¥V y > e.

Proposition 6. For a given y > 0 in the consensus model (M-6), the
values of ¢ that ensure the satisfaction of the constraints in RS are

g (y) = ;—xn=n p that is

2ming_y ;5 m {Wi

n-—1)n
RE=RE6 Ve> .)/( :
4 e 2m1nk:1,2....,m {Wk}

4.4. The model (M-7)

Analogously, we can cast the attached regions to the model (M-
7) and find the results of the rough bounds for the parameters as
follows:

RL: = {X € Mpn([0. 1D™ =[x, — Xyl
<g, k=1,....mji=1,...,n-1,j=i+1,...,n},

R} = {X € Mun ([0, 1])"

2 n-1 n m-1 m Wy + W
STy 2 2 2 oy M=y

i=1 j=i+1 k=1 I=k+1
7 . 7 7
Ryvg =ReN Ry.

The proof for the following results is analogous to some of
those given previously, and is therefore omitted.

Proposition 7. For a given & > 0 in the consensus model (M-7), the
values of y that ensure the satisfaction of the constraint of R)7/ is
y{(e) =2e, thatis, Rl =R}, , ¥V y > 2e.

Proposition 8. For a given y > 0 in the consensus model (M-7), the
values of ¢ that ensure the satisfaction of the constraints in R] are
g1(y) = (m-Dn(n—1)%, that is,

7 7 )4
Ry =Ry, Ve>(m-1nn- 1)5.

Therefore, we have obtained rough bounds for the parameters &
and y that correspond to the different consensus models by treat-
ing regions Ry, and R. as abstract spaces. Although these rough
bounds are very easy to obtain and provide an immediate idea
of the variations and a partial answer to RQ1 and RQ2, they are
not very precise. In the following, we attempt to find more precise
bounds for these parameters.

5. Approach based on polytopes

In this section, we further explore the geometry of the regions
to obtain more precise bounds of the parameters ¢ and y. We start
by characterizing the regions R, and R as convex polytopes. Sub-
sequently, the properties of convex polytopes are used to derive
the numerical bounds of the parameters along with the connection
to the optimal solution of the models.

5.1. Properties of the regions R, and R,

In this subsection, we show that both regions R, and R, in the
generic model (M-G) are convex polytopes.

The first result proves that any system of inequalities involv-
ing compositions of linear functions with absolute values can be
reduced to a system of linear inequalities.
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Proposition 9. Let w = (W{, W, ...Wy) € R™ and u € R, and con-
sider the function g : R™ — R defined as

m
(X1, X2, . Xm) = Y Wil V (X1.X2, ... X)) € R
k=1

Then, for any x = (x1,X3, ..
equivalent:

.,Xm) € R™, the following relations are

e g(x) < p,

o <Ws,X><u forevery o = (01,...,0m) € {-1,1}".

where < -,-> denotes the standard dot product and wg =
(W]O'] , W03, ..., WmOm).

Proof. For m = 1, the statement is an immediate consequence of
the properties of the absolute value function. Consider the case
m=2. Thus, w;,w, >0 and g:R2? - R is defined as g(x1,x3) =
wi|x1| +wy|xy|, for all (x1,x;) € R2. Note that

W1iX1 < L — WXy |

wilxi |+ Walxa| < = wylxg| < 1 —wylxy| =
1x1] +waxo| < p 11x1] = = walxs| —Wix1 < - wa o]

WXy = U — WiXq
—W2X; = b —WiXq
WoXp < U+ W1iXq
—WyXy < [+ WiXq

WiX1 +WaXy < 0
WiX1 —WoX; <
—WiX1 +WoXy < i
—WiXp —WaX; =

wa Xz | < —wixg
Walxa| < 1+ wix

Therefore, this is also true for m = 2. The rest of the proof is an
obvious induction. O

Note that the resulting linear inequalities are those obtained by
considering all possible combinations of the different signs for the
weights wy, ..., wp, as shown in the proof of Proposition 9.

This representation of inequalities involving absolute values al-
lows us to characterize regions Ry, and R, as polytopes as stated
in the following corollary.

Corollary 1. Let n € N and consider a set of m-dimensional weighting
vectors {w', w2, ... .w"}, ie, wk=(wk wk .. .wk)e[0,1]" such
that Y",wk=1, Yk=1.2,...m, and p1,.... m € Ry. Consider
the functions g, : R™ — R defined as

m

(1. X2, . Xm) = > WE[xil. Y (X1.%2. .. Xm)
i1
eR™Mk=1,2,..,m.

Then, the region R = {x € [0, 1]™ : g.(x) <, Vk=1,2,..,m}isa
non-empty polytope.

Remark 2. Note that the point (0,0,...,0) € R™ always satisfies
the conditions that define R.

Furthermore, we can assure that the obtained polytope is con-
vex, even if the arguments of the absolute values are replaced with
linear combinations of the variables.

Corollary 2. Let n € N and consider a set of m-dimensional weighting
vectors {w!, w? ... . wh}, ie, wk=(wk wk ...wk)e[0.1]™ such
that Y, wk=1 Vk=1,2.....n, and p;.... tm € Ry. Consider
the functions g, : R™ — R defined as

m
(1. X0, . Xm) = > WEILi(x1, .. xm) | Y (4, X X))

i=1
eR™k=1,2,...,n.

where L; : R™ — R is a linear function for every i =1, 2, ..., m. Then,
the region

R={xel0,1]" : gx)<u, Vk=1,2,...,n}

is a convex non-empty polytope.
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Proof. Since the linear function L; does not alter the linearity of
the equations obtained by using Corollary 1, it is clear that the
region R is a nonempty polytope. To show that R is convex, let
us pick any x,y € R. By definition of R, we have g,(x) < i and
g(¥) <y for all k=1,2,...,n. Now, we observe that for any t
[0.1]

(1 =Dx+ty) = > WiL((1 - O)x+1ty)]
i=1

= > w1 =L +tLi(y)|

i=1
< Y w1 = O)ILX)| + L)
=1

1
= (1 -0)g(X) +t&g ) < My
Therefore, (1 —t)x +ty € R and, consequently, R is convex. O

The following result provides the sufficient and necessary con-
ditions for a convex polytope to be contained in a fixed convex set.

Proposition 10. Let S ¢ R™ be a convex set, and consider a convex
polytope R c R™. Then R C S if and only if all the vertices of R be-
long to S.

Proof. The proof of the sufficient condition is straightforward.
To prove the necessary condition, suppose that all vertices, say
{vi,v5,...,vp}, of R are contained in S. As R is a convex poly-
tope, any point x € R can be expressed as a convex combination
of its vertices x = }"p_; a;v, for certain scalars ay, a,, ..., ap, such
that @, >0V k=1,2,..,n and Y }_; a, = 1. Since S is convex and
vn} €S, then x e S. Hence, R S. O

.....

Note that the constraints which define the feasible region in
the models (M-4), (M-5), (M-6), and (M-7) are similar to the
hypothesis constraints in Corollary 2. Based on Corollary 2 and
Proposition 10, we can establish the containment relationship be-
tween regions Ry, and R, in terms of vertex representation, and
that result is outlined in the following theorem.

Theorem 2. The regions R}, and R (i=4,5,6,7) which appear in
the models (M-4), (M-5), (M-6) and (M-7) are convex nonempty poly-
topes. Furthermore, for any of these models, the region R;, is con-
tained in R if and only if all the vertices of R;, belong to the region
Ry In the same way, the region R; is contained in R}, if and only if
all the vertices in Ry belong to the region R;,.

Although Theorem 2 sketches the condition for the containment
between the regions R, and R, it does not make any comment
on the behavior of the optimal solution of the consensus model.
Below, we take a closer look at this issue.

5.2. Existence of solution to (M-G)

In this section, we investigate the existence of a solution to the
general optimization model (M-G). To do so, the link between this
optimal solution and the region R, . is analyzed from a theoretical
point of view.

Proposition 11. The regions Ry ¢, Ry and R, are compact subsets
of the Euclidean spaces in which they are defined for any values of
y.,e€[0,1]

Proof. Note that all of these regions are contained in the unit hy-
percube of their respective Euclidean spaces, and therefore they
are bounded. In addition, due to the fact that all of them are con-
vex polytopes, they are also closed subsets in their respective Eu-
clidean spaces. O
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Proposition 12. The function c¢:[0,1]™ — [0,1] defined as
c(x1, X2, ..., Xm) 1= > it Gilx; —o;], for all (x1,x,..., xm) €[0,1]™,
where 0= (01,0,...,0m) €[0,1]™ are the original preferences, is
convex.

Proof. Let us consider x,y € [0, 1]™. Then, for any o € [0, 1]

m
clax+ (1 —a)y) =) claxi+ (1 —a)y; — o
i=1

=Y claxi+ (1 - a)y; — (@o; + (1 - a)o;)|
i=1

<) cile(xi—0) + (1 —a)(yi — 0]
i=1

< ac) + (1 - a)e)

which proves the convexity of c. O

Proposition 13. (Corollary 2.8.1 in Giorgi, Guerraggio, & (Eds)
(2004)) Let A c R™ be a nonempty convex subset and consider a con-
vex function f:A — R. Then, if f reaches a local minimum at the
point xg € A, X is also a global minimum for f.

Based on the above results, we establish a link between the op-
timal solution and the region R, . in the following theorem.

Theorem 3. The model (M-G) always has a solution. If the origi-
nal preferences 0= (01, ...,0m) satisfy o€ Ry ¢, the solution to the
minimization problem is the original preference vector o. Otherwise,
the solution for the minimization problem is always obtained in the
boundary of the region Ry e.

Proof. Since c¢ is a continuous function defined in the compact
subset Ry e, it will always reach its maximum and minimum value
within the region Ry ¢, so a solution for the (M-G) model always
exist.

Suppose that the solution xy for the (M-G) model is an inte-
rior point of the region Ry .. Then, Xy is a local minimum for the
function ¢ and according to Proposition 13 it is a global minimum.
But it is obvious that the global minimum of c is the original pref-
erences o= (01,0;,...,0m), SO it must be xy = 0. Otherwise, if xg
is not an interior point, then it must belong to the boundary of
Rye O

So far, we have theoretically established the proper geometry of
the regions associated with consensus models and the link of the
optimal solution to these regions in light of the convex polytope-
based analysis. We will further explore this theoretical foundation
to compute more precise bounds for the parameters ¢ and y.

5.3. Algorithms used to establish the relationship between y and &

In this section, we develop several generic algorithms to find
numeric approximations for the bounds of the parameters when
one is determined based on the key results of Theorems 2 and 3.

5.3.1. Obtaining &1 and y,

In this section, we take advantage of the fact that the con-
tainment relationship between the R. and R, regions is based
on the vertex representation of convex polytopes in order to de-
cisively find the value of the parameters. The idea is to first gener-
ate the vertex representation of a region for which the parameter
value is given via successive applications of Proposition 9 and the
vertexenun algorithm. We then successively reduce the value of
the parameter we are looking for from the initialized level with
a constant step-size until the containment relationship between
regions holds. This principle of finding the parameters has been
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Algorithm 1: Find y; (¢), when ¢ is given.

Algorithm 3: Find y» (¢), when ¢ is given.

Input : s-related constrains Ry, y-related constraint R,
threshold ¢ > 0, step-size § > 0.

1 find the linear inequality-based representation of R, of the
form Az < ¢ using Proposition 9;

2 obtain vertices of R; as V = vertexenum(Az < ¢);

3 initialize: y; = 1;

4 while V c R, do

s | yi=y-6

6 end

7 Return y;(¢) :=y;

Output: y;(¢) up to a precision equal to the step-size 4.

Algorithm 2: Find ¢, (y), when y is given.

Input : e-related constrains R, y-related constraint R,
threshold y > 0, step-size § > 0.
1 find the linear inequality-based representation of R, of the
form Az < e using Proposition 9;
2 obtain vertices of Ry, as V = vertexenum(Az < y);
3 initialize: ¢; = 1;
4 while V € R, do
5
6
7

| e:=e-8;
end
Return &1(y) :=¢;
Output: £ (y) up to a precision equal to the step-size §.

summarized in Algorithms 1-2. Theorem 2 guarantees the proper
functioning of the algorithms.

If these algorithms are applied, for each parameter ¢ and y
the guaranteed value of the other parameter, ie, y; and e, is
obtained. Note that the algorithms estimate ¢; and y; with the
maximum error bounded by § > 0. Depending on the precision re-
quirement, the value of § > 0 may be adjusted. This algorithm pro-
vides a clear answer to RQ1. As long as the containment relation-
ship is maintained, the region associated with one parameter be-
comes redundant and there is no change to the optimal solution.
Now the question is: What parameter values would make changes
to the optimal solution? We attempt to answer this question be-
low by developing algorithms to find such parameter values using
Theorem 3.

5.3.2. Obtaining &, and y,

To develop the algorithms of this subsection, we have taken
into account that Theorem 3 guarantees that the solution of the
minimization problem is always reached in the boundary of Ry .
whenever the solution is not trivial. For example, if y is fixed,
when ¢ is decreased so that none of the vertices of R; belong
to the boundary of R, (with the exception of those vertices like
(0,0,..., 0), which always satisfy the constraints), we can ensure
that the solution of the minimization problem will change. Based
on this idea, we summarize the steps for computing ¢, and ¥, in
Algorithms 3-4.

When using these algorithms, for each parameter ¢ or y the
guaranteed value of the other parameter, resp. ¥, and &, is ob-
tained. Again, the error is given by the value § > 0. These algo-
rithms give the answer to RQ2. We propose a generalization of
these algorithms below for the more generic case of the (M-G) op-
timization model.

Remark 3. It must be highlighted that the output of these algo-
rithms does not depend on the values of the preferences given by
the experts, but on the weights that have been assigned to them.
In other words, if such weights are fixed, we can determine the re-

Input : ¢-related constrains Ry, y-related constraint R,
threshold ¢ > 0, step-size § > 0.
1 find the linear inequality-based representation of R of the
form Az < ¢ using Proposition 9;
2 obtain vertices of R, as V = vertexenum(Az < €)
construct refinement of V, say, V/ by removing vertices of V
which automatically satisfy y constraints;
initialize: y = 1;
while V' nR, # ¢ do
| yi=y-4¢
end
Return y,(¢) 1= y;
Output: y,(¢) up to a precision equal to the step-size 4.

w

0 N U s

Algorithm 4: Find ¢,(y), when y is given.

Input : ¢-related constrains R, y-related constraint R,
threshold y > 0, step-size 6 > 0.
1 find the linear inequality-based representation of R, of the
form Az < y using Proposition 9;
2 obtain vertices of R, as V = vertexenum(Az < y)
construct refinement of V, say, V' by removing vertices of V
which automatically satisfy & constraints;
initialize: € = 1;
while V' NR; # ¢ do
| e:=e-6;
end
Return &,(y) :=¢;
Output: £,(y) up to a precision equal to the step-size §.

w

0 N U b

lationship between y and ¢ and, consequently, whether it is possi-
ble to simplify the CMCC model for any of their preference values
by only running the algorithm once.

5.3.3. Generalizing the algorithm

To end this section, a generalization of this algorithm is pro-
vided to compare the constraints that define the feasible region of
a minimization problem.

Theorem 4. Let P c R™ be a convex polytope in R™ and consider
a continuous convex function c : P — R. Consider two compact in-
tervals I; and I, in R and the linear functions g}( :R™ - R, for
k=1,2,....ny and g : R™ - R for k=1,2,....n,. For a €I and
B € L, define the polytopes

Poi={xeP : ) <aVk=12..m}
Ppg = {xeP : gﬁ(x)gﬁ‘v’k:l,z,...,nz}.
Then:

o The optimization problem

min {c(x)}

X € Py

always has a solution.
o For any values o €Iy and B € I, Py C Py if and only if the
vertices set of the polytope Py is contained in the polytope Pg

Given the hypotheses of the previous theorem, Algorithms 5
and 6 determine respectively when the feasible region changes and
when the solution changes.
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Algorithm 5: Algorithm for obtaining B;(«), the infimum
value of B such that Py € Pg.

Input: Problem defined in Theorem 4, a fixed « € I; and
step-size § > 0.

1 find the linear inequality-based representation of P, of the
form Az < o using Proposition 9;

2 obtain vertices of Py as V = vertexenum(Az < );

3 Initialize f := maxly;

4 while V c Pg do

5 \ B:=B-6

6 end

7 Return By (a) := B;
Output: B;(x) up to a precision equal to the step-size 4.
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Table 1
The costs with different values of ¢ and y of (M-5) in Example 1.
y=03 y=025 y=02 y=015 y=01 y=0.05
=030 1.01 1.20 1.60 2.14 2.69 3.24
=025 1.13 1.20 1.60 2.14 2.69 3.24
=020 132 1.32 1.60 2.14 2.69 3.24
=015 1.81 1.81 1.81 2.14 2.69 3.24
=010 247 2.47 247 2.47 2.69 3.24
=005 3.13 3.13 3.13 3.13 3.13 3.24
Table 2
Different bounds for € when y is fixed in (M-5) in Example 1.
y =03 y =0.25 y =02 y =0.15 y =01 y =0.05
&1 (y) 1.2 1 0.8 0.6 0.4 0.2
&1(y) 0.94 0.79 0.64 0.48 0.32 0.16
& (y) 0.23 0.19 0.15 0.11 0.07 0.03

Algorithm 6: Algorithm for obtaining S, («), the supremum
value of B such that the solution of the optimization problem
has changed.

Input: Problem defined in Theorem 4, a fixed « € I; and step
size § > 0.
1 find the linear of the form representation of Py of the form
Az < « using Proposition 9;
2 obtain vertices of P, as V = vertexenum(Az < o)
3 construct refinement of V, say, V/ by removing vertices of V
which automatically satisfy 8 constraints;
initialize: g = 1;
while V' n Bound*(Pg) # ¢ do
| B:=B-6;
end
Return fo (o) = f;
Output: B, () up to a precision equal to the step-size 8.

0 N b

6. Illustrative examples

In this section, a couple of examples are proposed to show the
performance of the polytope-based algorithms developed in the
previous section.

6.1. Example 1: Labella et al. (2020) GDM problem

The first illustrative example is related to one of the GDM prob-
lems with five experts provided by Labella et al. (2020) when they
defined CMCC models for the first time, which has motivated this
study.

Labella et al. considered a set of experts E = {eq, e5, e3, €4, €5}
whose weights were

W = (0.375,0.1875, 0.25, 0.0625, 0.125),

and their preferences were (01,07, 03,04,05) =
(0,0.09,0.36,0.45,1). The values of the costs of moving experts’
opinions were established as (ci, ¢3, c3,¢4,¢5) = (6, 3,4, 1,2). The
values obtained by Labella et al. (2020) for the cost function for
different values of ¢ and y when using the model (M-5) are
summarized in Table 1.

Note that Table 1 clearly suggests that the relationship between
the parameters y and ¢ exists. For instance, if we compare the
values of the cost function for y =0.1 and the different values
of &, we can see that all of them, except the one obtained when
& =0.05, are the same.

When CMCC models were first proposed, the authors were un-
able to provide any explanation for this phenomenon. In fact, exist-
ing studies do not offer any insight into the relationship of these
parameters, how it influences the minimum consensus cost, and
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how one parameter could be computed when the other is given.
Without such knowledge of the proper dynamics of CMCC models,
the moderator, in practice, is forced to choose the other parameter
on a hit and trial basis and cannot take advantage of computa-
tional cost reduction, which results in inefficiency when conduct-
ing the CRP. However, using the results of our study and the devel-
oped algorithms, it is not only possible to explain the rationale be-
hind the behavior of the cost function, but we are also able to get
a complete picture of how different parameter configurations will
impact the cost of reaching consensus, which can help the moder-
ator manage the CRP more efficiently. To explore this fact, we as-
sume here that the parameter y is given at the beginning for the
problem described above, and the moderator wants to know how
the values of the parameter ¢ impact the cost of solving the CMCC
model. Therefore, we are going to use the results of our proposal to
obtain the different bounds of the parameter ¢ for different values
of y (see Table 2). Specifically, the following values are collected:

e &/ (y): The upper bound for &; provided by the results
presented in Section 4, which are based on inequalities
(Proposition 4). This value represents an easy-to-compute
rough bound for which the constraints provided by ¢ in the
optimization problem are guaranteed by the y condition.

e £1(y¥): An estimate for & (up to a precision § = 0.01) cal-
culated using the algorithms in Section 5 (Algorithm 2). Al-
though this threshold also stands for a bound for the values
of ¢ whose constraints are redundant with the one related
to y, this value is more accurate than the previous one.

e &(y): An estimation for &, (up to a precision § =0.01)
computed using the algorithms in Section 5 (Algorithm 4).
This threshold for ¢ indicates when the feasible region re-
lated to ¢ is strictly contained in the one related to y. In
other words, if the moderator chooses a value of & lower
than this bound, the y constraint is always guaranteed and
the DMs will move their opinions just to satisfy the & con-
ditions.

If we look at the column y = 0.1, we can deduce that the feasi-
ble region will not change until ¢ < £1(0.1) = 0.32 and we cannot
ensure that the solution of the optimization problem changes un-
til & < £5(0.1) = 0.07. In fact, Table 1 shows that the values of the
cost function are the same for all € > 0.07.

Furthermore, the inequality-based approach reveals that for & >
£1(0.1) = 0.4 the constraints related to the distance between ex-
perts’ opinions and collective opinions are guaranteed by the con-
straint corresponding to the parameter y and therefore they could
be omitted in the resolution of the mathematical programming
model, resulting in an immediate reduction of the computational
costs. In fact, if more precision was necessary, the polytope-based
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Table 3
The costs with different values of ¢ and y of (M-5) in Example 2.
y=03 y=025 y=02 y=015 y=01 y=005
=030 0.19 0.26 0.32 0.39 0.46 0.53
=025 0.19 0.26 0.32 0.39 0.46 0.53
=020 0.21 0.26 0.32 0.39 0.46 0.53
e=0.15 0.30 0.30 0.33 0.39 0.46 0.53
=010 040 0.40 0.40 0.40 0.46 0.53
=005 050 0.50 0.50 0.50 0.50 0.53
Table 4
Different bounds for ¢ when y is fixed in (M-5) in Example 2.
y =03 y =0.25 y =0.2 y =0.15 y =01 y =0.05
462 0.60 0.50 0.40 0.30 0.20 0.10
e1(y) 0.55 0.46 0.37 0.28 0.19 0.10
&2(y) 0.19 0.16 0.13 0.09 0.06 0.03

algorithm guarantees that it is possible to ignore all the constraints
obtained when ¢ > £1(0.1) = 0.32. In other words, if the modera-
tor considers that a maximum distance between DMs and the col-
lective equal to 0.35 is sufficient when y = 0.1, all the constraints
related to & could be erased from the optimization model when
implementing it in a numerical solver because they are already
granted by the consensus constraint. In fact, we have used the Clp
solver with the Julia programming language (Bezanson, Edelman,
Karpinski, & Shah, 2017) to implement the linearized version of
(M-5) with and without ¢ constraints when ¢ = 0.3 and consider-
ing the threshold y = 0.1. While the first model takes around 300
milliseconds to be solved, the second one only needs around 200
milliseconds, yet both provide the same solution as guaranteed by
our algorithms.

Similarly, since for & < 0.07 = £,(0.1) the feasible region related
to ¢ is strictly contained in the one determined by y = 0.1, the
constraints associated with the latter parameter could be omitted
in the resolution of the model. In this case, we have also solved the
optimization model in both scenarios: considering both y = 0.1
and ¢ = 0.05 constraints and only taking into account the ¢ = 0.05
constraints. As before, deleting the y = 0.1 constraints has also im-
plied accelerating the model by about 50%.

6.2. Example 2: The 3-dimensional GDM problem

This second GDM situation aims at explaining the relationship
between the parameters ¢ and y from a geometrical point of view.
To do so, a consensus process involving three experts has been
studied. Note that if three experts are considered, their preferences
can be represented as a point in a 3-dimensional space (01, 03, 03).
This makes it possible to provide a graphical visualization of the
relationship between the parameters y and e¢.

In this case, we consider a set of experts E = {eq, e5, e3} whose
weights are given by W = (0.5, 0.05, 0.45). Their initial preferences
are (01,07,03) = (0.3,0.6,0.9) and the cost vector is (cq, 3, C3) =
(1,1,1). The optimization problem (M-5) has been solved for dif-
ferent values of € and y, and the values obtained for the cost func-
tion have been compiled in Table 3.

Let us compare these results with the bounds obtained by the
algorithms proposed in this paper. To do so, we have compiled in
Table 4 the different bounds for ¢ obtained when y is fixed and
the step-size § = 0.01 is considered.

We provided a graphical analysis of these values by taking ad-
vantage of the 3-dimensional nature of this decision problem be-
low. Let us fix y = 0.2. According to Table 4, the region will not
change for € €[0.4,1], and we are sure that it changes when
& < 0.37. Fig. 3, which has been plotted using the Mathematica
software, shows the evolution of the corresponding feasible region
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Fig. 4. The change of the region R, . and its solutions for y = 0.2 in Example 2.
The blue dot represents the original preferences and the red dot the solution for the
given value of . (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Ro2.¢ for some values of €. Note that the plots obtained for ¢ =1
and ¢ = 0.4 are the same. However, the one obtained for ¢ = 0.34
is slightly different from the previous plots, and the plot corre-
sponding to € = 0.24 is completely different.

However, a change in the region does not necessarily imply a
change in the solution. Fig. 4 shows the feasible region Rq; ., the
position of the original preferences (blue dot), and the correspond-
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Table 5

Computational time required for each GDM problem.
Decision-makers 5 10 50 100
M-17 10.0 ms 46.0 ms 16947.0 ms 480451.0 ms
M-7 3.0 ms 7.0 ms 132.0 ms 531.0ms

ing modified preferences obtained by solving the CMCC model (red
dot). According to Table 4, we cannot guarantee that the solu-
tion will change until ¢ < 0.13, and this is exactly what the fig-
ure shows. Note that even though the values of ¢ are lower than
£1(0.2) = 0.37 and we know that the feasible region is changing,
the solution of the optimization problem is the same for ¢ = 0.3,
£=0.2 and ¢ =0.15. In contrast, the solution obtained for & =
0.1 < &5(y) = 0.13 changes.

6.3. Example 3: Simplifying CMCC in large-scale GDM

The following example is intended to show how the appropri-
ate use of the relationship between the parameters ¢ and y can
be applied when solving a GDM problem to considerably improve
computational time costs.

Let us consider a GDM problem which is going to be resolved
by using the consensus model M-7. For a value ¢ > 0, Proposition
7 guarantees that, for any y > 2¢, the model M — 7 is equivalent to
the following simplified version, which does not depend on the y
constraint:

m n-1 n

min 3O 3 b - gl

k
(%) eMunen ([0.1]) k=1 im1 jeitl
o
¥ k
Xij = Z ka,'j
k=1

Ryl <ek=1,...m.i

s.t.

1,...,n—-1,j=i+1,...,n
(M-7")

Note that, even though this model does not require the y con-
straint, any solution for M-7’ (¢ > 0) is also a solution for M-7
(¢ >0, y > 2¢) and vice-versa.

To analyze the computational cost of using M-7 or M-7/, we
implemented their respective linearized versions (Rodriguez et al.,
2021) in the Julia 1.6 programming language (Bezanson et al., 2017)
on the Google Colaboratory cloud service (Bisong, 2019) (2.20GHz
Intel(R) Xeon(R) CPU and 13 GB RAM).

Four GDM problems were solved, each considering a different
number of experts. For these scenarios, the experts’ preferences
were randomly generated, and the consensus parameters were set
to € = 0.1, y = 0.2. We obtained the consensus solution to the dif-
ferent GDM situations for both M-7 and M-7’ by using the solver
GLPK (GNU Linear Programming Kit) and we then measured the
time required for the solver to compute the optimal solution in
milliseconds (ms) (see Table 5).

The results show that the resolution of the M-7 model is much
more time-consuming than the resolution of its modified version
M-7’. While the former considerably increases the time cost when
the number of experts also increases, the latter requires less than
a second to provide a solution to optimization problems with the
same characteristics as the former. In this case, understanding of
the relationship between the parameters ¥ and ¢ has been key
to shortening the computational time when dealing with many
decision-makers.
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7. Conclusions

CRPs, specifically MCC models, have been widely applied to
GDM problems to achieve consensus solutions. Classical CRPs and
MCC models fix different constraints using parameters specifically
associated with the consensus level (y =1 — w) and the absolute
distance (&), to obtain a more general consensus solution. CMCC
models include both types of constraints to obtain the agreed so-
lution for the GDM problems. Nevertheless, the values of these
parameters in CMCC have been traditionally fixed a priori by the
moderator of the decision process according to the desired level of
agreement among the stakeholders. However, our study shows that
some configurations of such parameters may imply redundant con-
straints in the mathematical programming model, which, in prac-
tice, leads to higher computational costs. In this regard, our pro-
posal defines a method to identify for which parameter pairs the
optimization model can be simplified by removing such redundant
inequalities. Understanding the proper dynamics of these parame-
ters and corresponding constraints over the optimal consensus so-
lution is key to applying these models in real-life large-scale group
decision-making scenarios.

This paper has analyzed the relationship between both param-
eters y and ¢, and the associated constraints that determine the
feasible region of the CMCC models. The use of inequalities for this
analysis provides simple and straightforward relationships that are
not very precise, but the analysis based on polytopes has provided
a novel algorithm that relates the parameters of the linear con-
straints of any convex optimization problem, providing an accurate
relationship between them. Based on the point of view of decision
support in CMCC-based CRPs, the proposed algorithms could help
the moderator set these parameters when one is given, and pro-
vide information on the impact of different configurations of these
parameters in optimal solutions. Furthermore, understanding the
relationship between these parameters also implies an immediate
computational improvement because it allows redundant inequali-
ties to be neglected and thus a better performance is achieved.

In the future, it would be interesting to analyze CMCC mod-
els that not only consider the minimization of the cost of chang-
ing opinions, but also attempt to minimize the number of opinion
changes in light of the machinery developed in this work. Further-
more, investigations could be oriented to apply this algorithm to
other optimization problems. For example, it would be interest-
ing to develop a deeper analysis of the computational impact of
removing the corresponding constraints when dealing with large-
scale GDM problems where hundreds or thousands of DMs are
considered. In this regard, such research could also highlight any
differences when applying our algorithms to different preferences
structures, such as utility vectors or FPRs.
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