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Abstract. In group decision making (GDM) framework, we focus on
decision problems defined under uncertainty where decision makers can
hesitate among several values to elicit their preferences. In such cases,
the use of hesitant fuzzy linguistic term sets (HFLTS) can facilitate the
elicitation of decision makers preferences. In this contribution, our aim
is to propose a linguistic GDM model that allows to decision makers
use single linguistic terms or comparative linguistic terms to express
their preferences and obtain the solution set of alternatives of the GDM
problem.
Keywords: Group decision making, hesitant fuzzy linguistic term sets,
comparative linguistic terms, context-free grammar.

1

Introduction

Decision making is a usual process for human beings and companies in diﬀerent
areas such as, engineering [10], planning [20], etc. In decision making problems
with multiple experts, each expert expresses his/her preferences depending on
the nature of the alternatives and on his/her own knowledge over them. Usually, this knowledge is vague and imprecise. In such cases, the fuzzy logic [8]
and fuzzy linguistic approach [18] provide suitable tools to deal with this type
of uncertainty. The use of linguistic information implies to carry out processes
of computing with words (CWW) [11,19]. There are diﬀerent linguistic computing models to accomplish such processes [5,9,15]. However, such approaches
are limited to model qualitative settings where decision makers hesitate among
diﬀerent values, because they are thinking of several linguistic terms to provide
their preferences.
Torra introduced the concept of hesitant fuzzy sets [14] to manage situations
in quantitative settings, when decision makers hesitate among diﬀerent values
to determine the membership of an element into a set. In qualitative settings it
may occur a similar situation, decision makers hesitate among diﬀerent linguistic
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terms. Rodrı́guez et al. proposed the concept of HFLTS [12] to facilitate the
elicitation of such linguistic information by comparative linguistic terms.
The aim of this contribution is to develop a linguistic GDM model capable
to manage hesitant information by means of comparative linguistic terms represented by HFLTS. These comparative terms facilitate the elicitation of linguistic
information to decision makers in hesitant situations. The proposed GDM model
will manage this type of information by using linguistic intervals.
This paper is structured as follows: Section 2, introduces a basic scheme of a
GDM problem and makes a brief review about fuzzy linguistic approach. Section
3, revises the elicitation of comparative linguistic terms represented by HFLTS.
Section 4, presents a linguistic GDM model that deals with comparative linguistic terms. Section 5 shows an illustrative example of a GDM problem, and
ﬁnally, Section 6 points out some concluding remarks.

2

Preliminaries

This section introduces a basic scheme for a GDM problem and reviews the fuzzy
linguistic approach basis of the HFLTS.
2.1

Scheme of a Group Decision Making Problem

A GDM problem is deﬁned as a decision situation where a ﬁnite set of experts,
E = {e1 , . . . , em } (m >= 2), express their preferences over a ﬁnite set of alternatives, X = {x1 , . . . , xn }, (n >= 2) to obtain a solution set of alternatives for
the decision problem [7]. Usually, each expert, ek , provides her/his preferences
on X by means of a preference relation P k , μP k : X × X −→ D,
⎞
⎛ k
p11 . . . pk1n
⎟
⎜
P k = ⎝ ... . . . ... ⎠
pkn1 . . . pknn
where each assessment, μP k (xi , xj ) = pkij , represents the degree of preference of
the alternative xi over xj according to expert ek .
Usually, GDM problems have been solved performing a selection process where
experts obtain the best alternative from their preferences [13]. The selection
process consists of two phases (see Fig.1).
– Aggregation phase: the experts preferences are aggregated to obtain a collective preference matrix that reﬂects the preferences provided by all experts.
– Exploitation phase: it selects the best alternative/s to solve the decision
problem by ranking the collective preferences obtained in the previous phase
by using a choice function [3].
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Fig. 1. General schema of a group decision making problem

2.2

Fuzzy Linguistic Approach

The fuzzy linguistic approach [18] represents qualitative settings by means of
linguistic variables. The concept of linguistic variable was introduced by Zadeh
[18] as “a variable whose values are not numbers but words or sentences in a
natural or artiﬁcial language”. To model linguistically the information is necessary to choose the appropriate linguistic descriptors for the linguistic term set
and their semantics. To do so, there are diﬀerent possibilities [16]. We will use
one of them that consists of applying directly the term set by considering all the
terms distributed on a scale that has an order deﬁned [16]. In these cases, it is
required that in the linguistic term set there are the following operators:
1. Negation: Neg(si ) = sj with j = g-i (g+1 is the granularity of the term set).
2. Maximization: Max(si , sj ) = si if si ≥ sj .
3. Minimization: Min(si , sj ) = si if si ≤ sj .
The semantics of the terms is represented by fuzzy numbers deﬁned in the interval [0,1], described by membership functions [1].
We aforementioned that the use of linguistic information implies processes of
CWW. To perform these computations in the fuzzy linguistic approach appeared
two classical computational models:
– Semantic model that computes with linguistic terms by means of operations
associated to their membership functions based on the Extension Principle
[2].
– Symbolic model that uses the ordered structure of the linguistic terms to
operate [16].
Symbolic models have been widely used in decision making because of their
simplicity and understandability. In this contribution, we will use a symbolic
model in the proposal for the GDM model.

3

Elicitation of Comparative Linguistic Terms

Our interest is focused on GDM problems under uncertainty where decision
makers may hesitate among diﬀerent values to assess qualitative settings. To
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manage such a situation, we propose the use of comparative linguistic terms
represented by HFLTS. In [12] Rodrı́guez et al. deﬁned the following contextfree grammar to generate expressions with comparative linguistic terms.
Definition 1. [12] Let GH be a context-free grammar and S = {s0 , . . . , sg } a
linguistic term set. The elements of GH = (VN , VT , I, P ) are defined as follows:
VN = {primary term, composite term, unary relation, binary relation,
conjunction}
VT = {lower than, greater than, between, and, s0, s1 , . . . , sg }
I ∈ VN
The production rules are defined in an extended Backus Naur Form so that the
brackets enclose optional elements and the symbol | indicates alternative elements
[1]. For the context-free grammar, GH , the production rules are the following:
P = {I ::= primary term|composite term
composite term ::= unary relationprimary term|binary relation
primary term|conjunctionprimary term
primary term ::= s0 |s1 | . . . |sg
unary relation ::= lower than|greater than
binary relation ::= between
conjunction ::= and}
These linguistic expressions are represented by HFLTS.
Definition 2. [12] An HFLTS, HS , is an ordered finite subset of consecutive
linguistic terms of S, where S = {s0 , . . . , sg } is a linguistic term set.
For example, let S = {nothing, very low, low, medium, high, very high, perf ect}
be a linguistic term set and X an alternative, an HFLTS might be:
HS (X) = {high, very high, perf ect}
To obtain HFLTS from the comparative linguistic terms generated by the contextfree grammar GH , was deﬁned the transformation function EGH .
Definition 3. [12] Let EGH be a function that transforms linguistic expressions,
ll, obtained by GH , into HFLTS, HS , where S is the linguistic term set used by
GH .
(1)
EGH : Sll −→ HS
In decision making is often to carry out comparisons between values. The comparison between two HFLTS is complex, because an HFLTS is a set of linguistic
terms. Therefore, to compare two HFLTS was introduced the concept of envelope
of an HFLTS.
Definition 4. [12] The envelope of a HFLTS, env(HS ), is a linguistic interval
whose limits are obtained by means of upper bound ( max) and lower bound
( min):
env(HS ) = [HS − , HS + ], HS − ≤ HS +

(2)
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where
HS + = max(si ) = sj , si ∈ HS and si ≤ sj ∀i and
HS − = min(si ) = sj , si ∈ HS and si ≥ sj ∀i
Following the previous example, HS (X) = {high, very high, perf ect}, its envelope is:
env(HS ) = [high, perf ect]
Once obtained the envelopes of HFLTS, the comparison is conducted by interval
values. Diﬀerent approaches can be applied to carry out such comparison [12].
More operations with HFLTS and properties can be found in [12].

4

Linguistic Group Decision Making Model Dealing with
Comparative Linguistic Terms

The aim of this contribution is to propose a linguistic GDM model that copes
with hesitant situations in qualitative settings in which decision makers provide
linguistic information by means of single linguistic terms or comparative linguistic terms. This model based on the classical symbolic model uses the indexes of
the linguistic term set to operate across the decision making process. It extends
the decision resolution scheme shown in Fig. 1 adding a phase to manage linguistic information by means of HFLTS. It consists mainly of three phases (see
Fig. 2):

Fig. 2. Scheme of the linguistic group decision making model

1. Transformation of the comparative linguistic terms preference relations into
HFLTS
Experts provide their preference relation, P k , by using single linguistic terms
or comparative linguistic terms, μP k : X × X −→ Sll ,
⎞
⎛ k
p11 . . . pk1n
⎜
.. ⎟
..
P k = ⎝ ...
.
.⎠
pkn1 . . . pknn
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where each assessment pkij ∈ Sll , represents the preference degree of the alternative xi over xj according to expert ek , expressed in the information
domain Sll . To solve the GDM problem the comparative linguistic terms
are transformed into HFLTS by means of the transformation function EGH .
Afterwards, it is computed an envelope for each HFLTS that obtains a linguistic interval that will be used to aggregate the preferences provided by
k+
experts, env(HS (pkij )) = [pk−
ij , pij ],

⎛  k− k+
k+ ⎞
p11 , p11 . . . pk−
1n , p1n
⎜
.. ⎟
..
P k = ⎝ ...
⎠
.
 k− k+ .
 k− k+
pn1 , pn1 . . . pnn , pnn
2. Aggregation of the preference relations represented by linguistic intervals
The linguistic intervals are aggregated to obtain a collective preference relation PC . We use the LOWA aggregation operator [4] to aggregate the right
k−
limits, pk+
ij , and the left limits, pij of the intervals.
 − + ⎞
+
p−
11 , p11 . . . p1n , p1n
⎜
.. ⎟
..
PC = ⎝ ...
.
.⎠
 − +
+
pn1 , pn1 . . . [p−
,
p
nn nn ]
⎛

where i, j ∈ {1, . . . , n} and n is the number of alternatives.
3. Exploitation phase
Once the linguistic intervals have been aggregated, the set of alternatives is
ordered to select the best one/s. To do so, we use the approach proposed by
Jiang [6] that deals with interval preference relations and obtains a ranking of
alternatives based on numerical possibility degrees according to the following
steps:
(a) Firstly, it is calculated the mean preference relation P̄C = (p̄ij )n×n , and
the error matrix δ = (δij )n×n , that represents the mean distance of the
limits of the intervals of PC ,
p̄ij =

1 −
(p + p+
ij )
2 ij

(3)

δij =

1 +
(p − p−
ij )
2 ij

(4)

where i, j ∈ {1, 2, . . . , n}
Remark 1. We note that to deal with linguistic intervals symbolically,
+
these functions are adapted, so p̄ij = 12 (ind(p−
δij =
ij ) + ind(pij )),
+
−
1
(ind(p
)
−
ind(p
));
ind(s
)
=
i.
i
ij
ij
2
(b) Afterwards, it is used the error propagation principle [17] to obtain the
priority vector w̄ = (w̄1 , . . . , w̄n ) of the mean preference relation, P̄C .
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w̄i =

n
j=1

(

p̄ij +

n
2

− 1)

n(n − 1)

i = 1, 2, . . . , n
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(5)

It is calculated an error vector Λw = (Λw1 , . . . , Λwn ) of w̄ due to the
imprecise values of p̄ij , by using the following function.
Λwi =

1
n(n − 1)

n


2,
δij

i = 1, 2, . . . , n

(6)

j=1

And thus it is got the priority vector w = (w1 , . . . , wn )T of the collective
matrix, PC , where wi = [w̄i − Λwi , w̄i + Λwi ], i = 1, . . . , n.
(c) To rank these interval weights wi (i = 1, . . . , n), each wi is compared
with all wi by using the possibility degree function, and it is then built
a possibility degree matrix P D = (pdij )n×n .
pdij = p(w̄i ≥ w¯j ) =

min(2(Λwi + Λwj ), max(w̄i + Λwi − (w¯j − Λwj ), 0))
2(Λwi + Λwj )

(7)

A non-dominance choice degree is applied to the possibility degrees to
obtain the solution set of alternatives. To do so, the possibility degrees
of the alternatives pdij , are summed by rows, and they are ranked in a
descending order.
pdi =

n


pdij

i = 1, . . . , n

(8)

j=1

Finally, the alternatives are ordered according to pdi and then the best
alternative is selected.

5

Illustrative Example

Here, we present a GDM problem solved by the proposed GDM model.
Let a GDM problem be deﬁned in qualitative settings where a set of experts, E = {e1 , e2 , e3 }, provide their preferences over a set of alternatives,
X = {x1 , x2 , x3 , x4 }. Experts provide their preferences by using the comparative
linguistic terms generated by the context-free grammar GH , (see Def. 1). Such
linguistic expressions are represented by HFLTS. The linguistic term set used for
the context-free grammar is S = {nothing(n), very low(vl), low(l), medium(m),
high(h), very high(vh), perf ect(p)} and the preference relations provided by the
experts are the following ones:
⎛

P

1

⎞
−
less than vl
vh
more than h
−
between h and vh less than m ⎟
⎜ more than vl
=⎝
l
less than h
−
more than vh ⎠
less than vh more than h
less than m
−
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⎛

P

2

⎞
−
less than m
more than h
between vl and l
−
h
vl
⎜ more than h
⎟
=⎝
less than vh
l
−
more than vh ⎠
less than l
vh
between vh and p
−
⎛

P

⎞
−
more than h between vl and l
h
−
more than m more than h ⎟
⎜ less than vh
=⎝
⎠
less than l less than vh
−
vh
l
less than vh
vl
−

3

According to the Fig. 2, the GDM process consists of:
1. Transformation of the comparative linguistic terms preference relations into
HFLTS
The linguistic preference relations provided by the experts are transformed
into HFLTS by means of the transformation function EGH :
⎛

P

1

⎞
−
{n, vl}
{vh}
{h, vh, p}
−
{h, vh} {n, vl, l, m} ⎟
⎜ {vl, l, m, h, vh, p}
=⎝
{l}
{n, vl, l, m, h}
−
{vh, p} ⎠
{n, vl, l, m, h, vh}
{h, vh, p}
{n, vl, l, m}
−
⎛

P

2

⎞
−
{n, vl, l, m} {h, vh, p} {vl, l}
{h, vh, p}
−
{h}
{vl} ⎟
⎜
=⎝
{n, vl, l, m, h, vh}
{l}
−
{vh, p} ⎠
{n, vl, l}
{vh}
{vh, p}
−

⎛

P

3

⎞
−
{h, vh, p}
{vl, l}
{h}
−
{m, h, vh, p} {h, vh, p} ⎟
⎜ {n, vl, l, m, h, vh}
=⎝
{n, vl, l}
{n, vl, l, m, h, vh}
−
{vh} ⎠
{l}
{n, vl, l, m, h, vh}
{vl}
−

The envelopes obtained for each HFLTS are the following ones:
⎛

P1

⎞
⎛
⎞
− [n, vl] [vh, vh] [h, p]
−
[n, m] [h, p] [vl, l]
[vl,p]
−
[h,
vh]
[n,
m]
[h,p]
−
[h,
h]
[vl,
vl]
⎜
⎟ 2
⎜
⎟
=⎝
P =⎝
[l,l] [n, h]
−
[vh, p] ⎠
[n,vh] [l, l]
−
[vh, p] ⎠
[n,vh] [h, p] [n, m]
−
[n,l] [vh, vh] [vh, p]
−
⎛

P

3

⎞
−
[h, p] [vl, l] [h, h]
−
[m, p] [h, p] ⎟
⎜ [n,vh]
=⎝
[n,l] [n, vh]
−
[vh, vh] ⎠
[l,l] [n, vh] [vl, vl]
−

2. Aggregation of the preference relations represented by linguistic intervals
The linguistic intervals are aggregated by using the LOWA operator to obtain
the collective preferences matrix,
⎛

PC

⎞
− [vl, m] [h, vh] [m, vh]
−
[h, p] [m, h] ⎟
⎜ [l,p]
=⎝
[vl,h] [vl, h]
−
[vh, p] ⎠
[vl,m] [h, p] [l, m]
−
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3. Exploitation phase
Once obtained the collective preferences from experts, it is used the approach
proposed by Jiang [6] to obtain the solution set of alternatives.
a) Mean preference relation P̄C , and error-matrix δ, of the collective preference relation PC :
⎛

P̄C

− 2
⎜ 4 −
=⎝
2.5 2.5
2 5

4.5
5
−
2.5

⎞
⎛
⎞
4
− 1 0.5 1
3.5 ⎟
⎜ 2 − 1 0.5 ⎟
δ=⎝
5.5 ⎠
1.5 1.5 − 0.5 ⎠
−
1 1 0.5 −

b) Priority vector w̄, and error vector Λw:
w̄ = (0.958, 1.125, 0.958, 0.875)
Λw = (0.125, 0.191, 0.182, 0.125)
c) Possibility degree matrix P D:
⎛

⎞
− 0.236 0.5 0.667
⎜ 0.764 − 0.723 0.895 ⎟
PD = ⎝
0.5 0.276 − 0.635 ⎠
0.333 0.104 0.364 −

d) Finally a dominance choice degree is applied over the possibility degree
of the alternatives
pd1 = 1.403 pd2 = 2.382 pd3 = 1.411 pd4 = 0.801
and then the ranking of the alternatives is:
x2 > x3 > x1 > x4 ,
being the best alternative of the GDM problem, x2 .

6

Conclusions

GDM is a key area in many diﬀerent ﬁelds such that decision makers may face
situations in which they hesitate among several linguistic terms to provide their
preferences. In this contribution, we have presented a linguistic GDM model capable to deal with HFLTS, that facilitates the elicitation of hesitant information
to decision makers.
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